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ABSTRACT. In this work, a review and mathematical analysis of
phenomenological models of residual strength and residual stiffness of
polymer composite materials under fatigue loading have been carried out. The
methodology of the analysis is described in detail, including various
approaches to determining damage based on changes in mechanical
properties, as well as the requirements for functions that can be used to
describe experimental dependencies. The considered models have been
classified according to the characteristic form of their mathematical function:
polynomial, power, exponential, logarithmic, and trigonometric models. A
distinct category has been established for models utilizing cumulative
distribution functions. The possibilities for further development and
application of phenomenological models of residual mechanical properties for
the improvement of strength analysis approaches for composite structures
have been outlined.
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INTRODUCTION

uring utilization, structures made of polymer composite materials are subjected to various types of external
influences, including cyclic loads. Under this type of loading, gradual accumulation of fatigue damage occurs,
manifested in matrix cracking, fiber-matrix debonding, formation and propagation of delaminations, local fiber
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breakage, etc. In some cases, structural fatigue damage alters the macroscopic properties of the composites [1-4]. It is
rational to take these features into account when designing structures to more accurately predict their mechanical behavior,
which will increase their reliability and safety [5, 6]. This requires, on the one hand, experimental studies aimed at
investigating the degradation of the mechanical properties of composites, and, on the other hand, the development of
mathematical models to describe these processes |7, §].

Experimental investigation of the patterns of properties degradation in composite structures as fatigue damage accumulates
requires a large number of tests, which is a time-consuming, labor-intensive, and expensive process. Moreover, the variety
of loading modes, environmental conditions, types of reinforcements and polymer matrices, and stacking sequences further
increases the number of required tests. Consequently, many authors have concluded that it is necessary to develop models
capable of predicting fatigue life, residual strength, and residual stiffness of composite materials with high accuracy [9-14],
as well as reliably describing the process of fatigue damage accumulation [16—17]. The advantages of these models are, firstly,
the ability to determine their parameters from a limited set of experiments, and secondly, their direct applicability in
structural strength analysis.

Existing models of fatigue damage in composites have been reviewed in many survey papers [9—16]. Subsequently, Degrieck
J. and Van Paepegem W. [18] proposed, and Sevenois R. D. B. and Van Paepegem W. [19] improved, the classification of
existing fatigue damage models by dividing them into four categories:

— The first category includes the so-called “fatigue life models”, aimed at predicting the fatigue life of an object
(in particular, constructing S—IN curves) and correlating damage to the number of cycles. They can also incorporate various
damage accumulation theories [12, 15, 16]. Various loading cycle parameters (amplitude, mean stress, frequency, etc.) can
be used as parameters in such models. This category is the most numerous in terms of the number of existing models, the
primary advantage of which lies in their broad applicability across different material classes rather than being restricted to a
specific composite. On the other hand, the current values of mechanical characteristics and the actual damage mechanisms
are not taken into account in models of this category [18, 19].

— The second category consists of phenomenological “residual strength models” [9-12], aimed at predicting the
residual strength characteristics of composites as the number of loading cycles increases. These models employ various
mathematical expressions to link loading cycle parameters, the number of cycles, and the initial and residual values of the
material’s strength properties. All models in this category can be divided into two subgroups. The first is “sudden death”
models, in which strength changes only slightly with damage accumulation, followed by a sharp drop leading to macro-
failure of the material. Such models are most often used to describe the mechanical behavior of high-strength unidirectional
composites at high stress levels and a relatively small number of cycles (<10). The second subgroup consists of “wear-out”
models, in which damage accumulation leads to a gradual dectrease in strength properties. In this approach, it is assumed
that the material failure occurs when the residual strength reaches the value equal to the maximum stress in the cycle 8, 18,
19]. These models are used to describe the behavior of various classes of composites at relatively low stress levels and are
especially common when it is necessary to know the residual strength of a structure after a certain number of loading cycles.
Strength degradation models can be deterministic (less common) or statistical (more common). A key advantage is their
ability to account for cyclic strength degradation and predict fatigue life, as failure is defined by the intersection of residual
strength and maximum cyclic stress. A significant disadvantage is the need to conduct a large number of experimental
studies, since only one value of residual strength can be determined from a single specimen.

— The third category includes phenomenological “residual stiffness models” [9, 10], aimed at predicting the
residual stiffness of the composite as fatigue damage accumulates. In these models, the equations correlate loading cycle
parameters, the number of cycles, and the initial and residual values of the material’s elastic moduli, recalculated through
the stiffness of the object. Like strength degradation models, stiffness degradation models can be deterministic or statistical.
The advantage of these models is the ability to calculate the current values of the elastic characteristics of the material as
fatigue damage accumulates. Moreover, a significant advantage is that determining the parameters of such models requires
a relatively small number of experiments, since the dynamic stiffness of the specimen can be measured at every cycle during
fatigue testing. However, predicting fatigue life using these models is difficult, as it requires determining the residual stiffness
at the moment of failure — a characteristic that can vary significantly depending on the loading mode [18, 19].

— The fourth category includes the so-called “mechanistic models” [13, 14], which reflect the damage mechanism
occurring during cyclic loading. This group also includes models that predict a decrease in stiffness caused by a specific type
of structural damage. In this case, parameters such as the number of matrix cracks, their density, delamination length, etc.,
are introduced into the equations describing the mechanical behavior of the composite. While mechanistic models offer the
highest theoretical accuracy by explicitly addressing microstructural phenomena, the inherent heterogeneity and anisotropy
of polymer composites, combined with the complexity of interacting damage mechanisms, make them difficult to formulate.
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On the other hand, the need to use additional equipment (microscopes, video systems, acoustic emission signal recording
systems, etc.) for damage registration significantly complicates the development and verification of such models.

Based on the above, the authors of this work suggest that the use of phenomenological models of residual strength and
stiffness is currently relevant, since they are, firstly, quite convenient from the point of view of experimental determination
of model parameters, and secondly, they allow evaluation of the residual mechanical characteristics of the composite material
as fatigue damage accumulates, enabling more accurate structural behavioral predictions. In addition, they are the most
optimal because they explicitly link the strength or stiffness of the material with the parameters and number of loading
cycles. It should be noted that there is currently no internal classification of models within these categories. This shortcoming
leads, in particular, to the introduction of similar models by different authors independently of each other.

Development of phenomenological models of mechanical properties degradation in composites requires acknowledging
that the decline in residual strength, Young’s modulus, and macroscopic stiffness under cyclic loading is a multistage process
(Fig. 1). Most often (especially when describing stiffness degradation), researchers identify three stages of damage
accumulation, linking them to specific types of structural element damage |2, 9, 14, 20-24]. In the first stage, a sharp decrease
in properties occurs at a short duration of cyclic loading due to matrix cracking processes. In the second stage, a slow
decrease in mechanical properties occurs as debonding between different phases in the composite develops, along with the
appearance of delaminations. In the third stage, fiber breakage occurs, leading to macro-failure of the composite (in some
cases, this stage is neglected) [17]. It should be noted that depending on the reinforcement scheme, type of reinforcing
clements, loading mode, etc., not only three-stage but also two-stage (especially for strength degradation) [4, 8] or multi-
stage processes of mechanical properties degradation can occur. Undoubtedly, for creating models with high descriptive
ability, the staged nature of damage accumulation processes must be considered.

The applicability of various models of residual mechanical characteristics is constrained by the mathematical flexibility of
the equations. For instance, a simple power function cannot replicate a three-stage degradation curve regardless of its
parameterization. This suggests that existing phenomenological models can be systematically classified based on a formal
mathematical analysis of the functions included. The feasibility of introducing this classification is also justified by the fact
that such analysis will reveal the similarity of models proposed by different authors. It should also be noted that no such
formal analysis of strength and stiffness degradation models has been carried out previously.
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Figure 1: The typical dependencies of the residual elastic modulus/stiffness and ultimate strength on the number of cycles.

The aim of this work is to analyze existing phenomenological models of residual strength and stiffness of polymer
composites in order to systematize them and formally assess their applicability for describing multistage patterns of
mechanical behavior. The methodology of model analysis was developed based on the formal mathematical analysis of
damage functions and their first and second derivatives. This approach allowed revealing similar phenomenological models
and forming them into subgroups. The novel classification of the residual mechanical properties models was developed by
uniting the subgroups with similar types of approximating functions. The mathematical analysis allowed defining the ability
of the models to describe two-stage and three-stage dependencies of damage on the number of loading cycles as well as the
corresponding ranges of parameters.

This work is organized as follows: in the “Methodology” section, the research methodology is described in detail, various
approaches to determining damage based on changes in mechanical characteristics are presented, and requirements for
functions that can be used to describe experimental dependencies ate introduced. In the “Model Analysis. Results” section,
a formal analysis of various models of residual mechanical properties is carried out in accordance with the developed
methodology. The results summary, limitation of the methodology and possibilities for using and further developing
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phenomenological models are considered in the “Discussion” section. The main conclusions of the work are presented in
the “Conclusion” section.

METHODOLOGY

T he analysis is restricted to constant-amplitude cyclic loading, where a cyclically varying stress or strain state is
maintained. Let the set of £ parameters of the cyclic loading (stress/strain amplitudes, their mean values, phase shift
angles, frequencies, etc.) be denoted as ¢, a € [1;£]. Let the material have / mechanical characteristics (both
stiffness-related — static moduli of elasticity, dynamic moduli, fatigue moduli, and strength-related), which will be denoted
as p, P € [1;]. For a given loading mode, the dependence of the material’s mechanical properties on the number of loading

cycles N can be expressed explicitly as:
o= (Novw),  a=tk =1, 0

where fp are certain functions.

It is assumed that prior to the onset of cyclic loading, the material is undamaged, and its initial properties are denoted as
pop = fip(IN = 0). It should be noted that if the mechanical characteristic under consideration is the ultimate strength or the
static elastic modulus, its value can be determined through quasi-static testing. However, when dynamic stiffness is
monitored directly during cyclic loading — which for polymer composites can differ significantly from the value under static
loading due to different loading rates [25, 26] — the question arises as to which value should be taken as the initial one. Most
often, the value of Young’s modulus determined from static tests is used [27-29], although the stiffness measured during
the first loading cycle can also be considered [30]. Another approach was proposed by Wang S. S. and Chim E. S. M. [31],
who used the dynamic stiffness measured at the 10th loading cycle, since the first ten cycles are transitional. During this
period, the rapid growth of initial defects ceases, the rate of stiffness degradation decreases, and thus the first stage is
excluded from the residual stiffness diagram. In addition, this approach makes it possible to eliminate the influence of
viscoelastic effects and temperature rise due to self-heating at the initial stages of loading. To accurately isolate fatigue-
induced degradation from other transient phenomena, supplementary diagnostics (e.g., acoustic emission signal recording,
infrared thermography, etc.) are recommended. Furthermore, there is an approach proposed by Hwang W. and Han K. S.
[32] based on the use of the “fatigue modulus”, defined as the applied stress level divided by the corresponding strain at the
Nth cycle.

Eq. 1 can be rewritten in the form of dependencies of the relative mechanical characteristics on the number of loading
cycles. In this case, within the framework of the Kachanov L. M. — Rabotnov Yu. N. concept [33-35], integrity functions
K and damage functions D(g can be introduced to reflect the change in the material’s mechanical properties under fatigue
damage accumulation:

Pp)
Pop)

D =1-—L=g (Npn). @=Lk  B=11, @)

where gip are certain functions, the number of which corresponds to the number of mechanical characteristics of the material
under consideration.

It is known that the fatigue life Ny of a material determined on different specimens can be different. Consequently, when
using (Eq. 2), even under identical loading conditions, the parameters of the functions gyp may vary from specimen to
specimen. To eliminate this drawback, it can be assumed that the change in a mechanical characteristic is determined not
by the absolute number of loading cycles, but by their relative number » = N/Nj 7 € [0;1]. In this case, (Eq. 2) can be
written in the following form:

D

5 =1 K =1- :g(ﬂ)(ﬂ’(o(a))’ a=1k  f=11 3)
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and the parameters of the functions gg have significantly narrower ranges of statistical distribution than when using
expressions of the form (Eq. 2).

It is assumed that the fatigue damage accumulation does not lead to an increase in the values of mechanical characteristics,
i.e., there is no self-healing or significant structural change that could increase the material’s resistance in any direction. Then
the values of the integrity K and damage D lie in the range from 0 to 1. Under the given loading mode, the mechanical
characteristic reaches the value piy(IN = N) = py(n = 1) = prp at the moment of fatigue failure. It is obvious that the values
of these quantities are determined by the loading conditions (parameters ¢). A widely used approach is one in which the
damage and integrity functions are introduced considering the value of the mechanical characteristic at the moment of
fatigue failure:

. < _ Pl Py _ Py

Dipy =1=Kip) =

v Dy =&y (100)):  @=Tk  f=11 0

Loy = Prpy Pop) T P

In this form of notation, the damage and integrity functions lose their original meaning and begin to reflect the nature of
the change in material properties up to the values pgp. To avoid confusion, the quantities introduced by (Eq. 4) will be
referred to as “normalized integrity” K'(p and “normalized damage” D" 5. Despite the loss of their original physical meaning,
the use of “normalized integrity” and “normalized damage” is convenient in some cases, since D" (N = N) = 1, whereas
DpIN=N) = 1.

The functions g are examined in detail and the requirements imposed on them are defined. The analysis is limited to
continuous and differentiable functions over the domain of definition (i.e., abrupt drops in mechanical characteristics during
cyclic loading and the use of piecewise functions with derivative discontinuities are excluded). It is assumed that (Eq. 3) or
(Eq. 2) can be written in the following form:

D) = £5) (”>”<ﬂ> (@)1 (910 )10 (%))"")’ a=lk  f=11 )

Here, aip, b, ¢p. .. are parameters of the function gy that depend on the cyclic loading parameters ¢, but do not depend
on the number of cycles. It should be noted that seemingly different models may vary only in the form of the dependencies
ap(Pw)> by (pw)--., and otherwise have an equivalent form. Such models will describe experimental data identically when
different loading modes are not considered and, therefore, can be grouped into one set of equivalent models.

The values of the parameters a4, b, ¢p... must ensure the following properties of the functions g:

1. The range of the functions g lies within [0; 1], with gg(z = 0) = 0, gy(» = 1) = 1. Otherwise, the introduced
damage loses its physical meaning.

2. The derivative of the function g must be non-negative, i.e., dgp/dn = 0. This requirement is also dictated by
physical meaning: the accumulation of fatigue damage does not lead to an improvement in the material’s mechanical
properties (at least in the vast majority of experimental studies).

Violating these conditions does not strictly invalidate a model but necessitates mathematical domain restrictions. For
example, in cases where gig(7 — 1) — 0, but g (# = (1-10-4)) < 1), an additional restriction on the domain of the function
can be introduced that has little effect on its descriptive ability.

As noted above, two-stage and three-stage dependencies are most often observed in the experiments investigating the
residual mechanical properties of composites. To study the applicability of various functions for describing two-stage and
three-stage  dependencies, the second partial derivatives of the damage functions can be used:
D" (n, pw) = gp'' (1, p) = O%gp/0n* (hereinafter, the index (f) is omitted). Depending on the behavior of the second
derivative (assuming it equals zero no more than once over the domain), several cases can be distinguished:

1. D" 2 0 — the derivative of the damage function is monotonically increasing. In this case, the model is applicable
for describing two-stage dependencies with accelerated damage accumulation (Fig. 2, red line).

2. D" <0 — the derivative of the damage function is monotonically decreasing. In this case, the model is applicable
for describing two-stage dependencies with decelerated damage accumulation (Fig. 2, blue line).

3. D'"(n=0)<0,D"(n=1)> 0 — the derivative of the damage function decreases, reaches a minimum, and then
begins to increase. In this case, the model is applicable for describing the well-known three-stage ““fast—slow—fast”
dependencies (Fig. 2, green line).
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4. D"(n=10)>0,D"(n=1) <0 — the derivative of the damage function increases, reaches a maximum, and then
begins to decrease. In this case, the damage function is also three-stage, but corresponds to the “slow—fast—slow” type of
dependence, which is not encountered in the literature (Fig. 2, black line). This case will not be considered further.

1

0 ' I
0 " 1 0 , 1 "

Figure 2: Damage functions D, their first detrivatives D' and second detivatives D'': red line — D' = 0; blue line — D" <0
green line — D" (n = 0) <0, D"'(n = 1) > 0; black line — D"'(» = 0) > 0, D"(n=1) < 0.

Taking the above into account, the following scheme has been applied for the analysis of phenomenological models of the
residual mechanical properties of composites under fatigue damage accumulation:

1. Identification of the type of function gp — linear, power, logarithmic, etc. Based on the type of function, a
classification of models can be introduced, since identical functions generally require the same constraints. If the form of
the functions g is the same for different models, they are considered equivalent.

2. Determination of the possibility of representing the damage function in the form of (2) or (3), since in some
cases it is impossible to transition from the absolute number of cycles to the relative number (and vice versa) without
introducing fatigue life as an additional model parameter.

3. Verification of the range of the function g (#) within its domain.

4. Identification of the need to use “normalized damage” (Eq. 4) in the case where g (7 = 1) = 1 regardless of the
values of the model parameters.

5. Analysis of the positivity of the first derivative of the damage function.

6. Analysis of the second derivative of the damage function at various parameter values to determine the model’s
descriptive ability for different stages of damage accumulation.

7. Determination of the mechanical characteristic p(g used, the method of calculating its initial value pos, and the

dependencies of the model parameters on the cyclic loading parameters — for distinguishing equivalent models.
A detailed analysis of the models based on the developed scheme is presented below.

MODEL ANALYSIS. RESULTS

literature. Their classification is carried out according to the type of approximating functions used: polynomial,
power, logarithmic, exponential, trigonometric, and a group of models based on the use of cumulative distribution
functions is also presented.

T his section analyzes the phenomenological models of residual strength and residual stiffness presented in the

Polynomial models of residual mechanical characteristics
The general form of models using a polynomial function to predict residual mechanical properties of composites can be
represented as follows:

D=A+An+ Ap* +..+ An’,  geN, (6)

where A;are the polynomial coefficients, ¢ is the polynomial order. From the condition D(# = 0) = 0, it follows that 4y = 0.
Polynomial models are best represented using a relative number of cycles to avoid the occurrence of constants with very
small values. The difficulty with using such models is their non-monotonicity, which is why only two polynomial models
have found application: linear and quadratic.
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Linear and guadratic models. When using a quadratic polynomial, the damage function and its derivatives take the form:
D=An*+Bn, D'=2An+B, D"=2A. ©)

This model does not require the use of “normalized damage”, but it is advisable to use a relative number of cycles. The
constraints on the function's range and the positivity of the detivative include 0 < B < 2, while —0.5B <_4 < 1-B. Depending
on the sign of the parameter A, the second derivative takes a positive or negative value throughout the entire domain.
Therefore, this model is applicable to describing two-stage dependencies of both types (Fig. 3). It should be noted that
higher-order polynomials can be used; however, this would require a significantly larger number of constraints on the
parameter values. When 4 = 0, this model is reduced to a linear one, and the damage function and its derivatives take the
form:

D=Bs, D'=B,  D"=0. ®)

It should be noted that, unlike the general case of a polynomial model, a linear model can also be used with an absolute
value for the number of cycles. Furthermore, this model does not require the use of “normalized damage”. The conditions
0<D<=<1and D' > 0imply the requirement 0 < B < 1.

Obviously, a linear model cannot account for the stage-by-stage nature of damage accumulation processes; however, it is
suitable for approximating experimental data corresponding to the stage of gradual damage accumulation. The advantage
of this class of models is their ease of use, in particular, the ease of determining the value of parameter B. Vatious versions
of quadratic and linear models for the degradation of mechanical properties are known in the literature (Tab. 1, 2).

1 r
A>0,
A=0,0<B<1 =Bl
=0’
<
Q 'A<0, b} 0<B=1
0<B<2
A<O0,
0 A>0, 0<B<2 . 0<B<2
0 p 1 0 " 1

Figure 3: The typical dependencies D(z) and D'(n) of linear and quadratic models of degradation of residual mechanical characteristics

No Authors Year Model Additional remarks
Residual stiffness models
Andersen S. T. 1996 ¢ o B ¢ o B RY] ifl t};e dynarlnivc Young’s modulus
1 Brondsted P. described R_1-A4| =< | N, D.=1-R=4|—<| N at the first cycle; . .
. . ¢ ’ $ E A, B are the experimental fitting
Lilholt H. in [30] 94 0 D1 0 patameters
A is an experimental fitting
Tsetpes K. 1. S ( lézg}a{rget?ril he th ' '
. Y \ with the thermosetting resin
2 PipznlkOSGP 2(2)24 TR An+ 1, D.S‘ =1 ——{{ =—An [450/00/—450/900]25 and
a eas. : [27] Eo 0 the thermoplastic resin [45°/0°/—
Pantelakis Sp 450/9002/—450/00/45018,
cyclic tension-compression, R = —1
Residual strength models
Broutman L. J. 1972 _ _ « _ Oy =0y _ GFRP, cyclic tension, R =0.05,
3 Sahu S. [36] Or =0y = (Oy =T ), Do = o, -0, " 150-1500 cycle/min
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Tr g 4| %o |,
Oy Oy
002 CFRP [0°/+45°/90°]y with open
4 Strizhius V. 37 B 1 hole,  cyclic  tension  and
[37] D, =1 _ Ok _ A[O-max J N, A= O;[ compression
(o o,
U L O N/-
o, :
Table 1: Linear models of degradation of residual mechanical properties.
No Authors Year Model Additional remarks
Residual strength models
1 Owen M. J., 1972 Or _ 1—Bu+ An®. D =1— Ok _ By — An’ GFRP, cyclic tension,
Howe R.J. [38] o, ’ o o, 100 cycle/min
A, B are the experimental fitting
Tserpes K. 1. pammeter;; e th
. CFRP with the thermosetting resin
(o} (o2 g

2 P?pimkosGP' 22(7)4 L= 40> +Bn+1, D,=1-—L=-An"—Bn [45°/0°/-45°/90°],s and
A eas. § [27] Oy Oy the thermoplastic resin [45°/0°/—

Pantelakis Sp. 45°/90°2/-45°/0°/45%s,

cyclic tension-compression, R=—1

Table 2: Quadratic models of degradation of residual mechanical properties.

Power law models of residual mechanical characteristics
Power functions and their combinations have been successfully used by researchers for many years to approximate
experimental data on the degradation of residual mechanical properties. Therefore, this group is the most numerous one.
Simple power law models. A simple power law model can be represented as:

B-1
D'= ABn

D= An" ,  D"=AB(B-1)»"". )

>
In this case, either the absolute or relative number of cycles can be used, and there is no requirement for the use of
“normalized damage”. Using the simple power law model requires the following constraints on the parameter values:
0<A<1,B>0,B#1 (otherwise, the model is reduced to a linear model). Depending on the value of parameter B, two
options can be implemented (Fig. 4):

— when 0<B<1, then D" <0, which cotresponds to a two-stage dependence with decelerated damage
accumulation;

— when B > 1, then D" > 0, which corresponds to a two-stage dependence with accelerated damage accumulation.

1 [0<A<1, B>2
<B<1
0<B 0<B<1
a Q 1< B<2
O ] ]
0 i 1 0 i 1

Figure 4: The typical dependencies D(») and D'(n) of power law models of degradation of residual mechanical characteristics.

The advantage of simple power law models is their ease of use, particularly the ease of determining the values of parameters
A and B, as well as their greater descriptive ability compared to linear models. A disadvantage of these models is their
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4
f'(t'

inability to describe three-stage dependencies. Various applications of the simple power law model for the degradation of
residual mechanical properties are known in the literature, as summarized in Tab. 3.

No Authors Year Model Additional remarks
Residual stiffness models
’ =l-—= =b+bo__+bo. +.. - ;
1 Chim E. S. M. 31] 0 } s 0 T 00 20 max short-fiber glass composite, cyclic tension
p  HwagW., 198 D=tk wesamed o be e s s chsi il
F
Han K. S. [16] F, - F/ Eo (Fo = Ey)
So is the initial stiffness measured at a
loading rate of 4 Hz;
5 ¢ A, Bare the random variables that depend
Yang J. N, R B R B on the applied stress level;
3 Jones D. L., 1990 ~ =1=AN", Dy=1- S_ = AN C is a random variable;
Yang S. H., [39] 0 0 A, Az A; are the parameters
Meskini A. A= A1 + AzBa B= A3 +C o, independent of applied stress level;
’ fiber dominated composite
(gtaphite/epoxy laminates) [90/+45/—
45/0],, cyclic tension, 10 Hz, R = 0.1
F F I is the initial fatigue modulus at the first
Yang J. N. R 4AN? D =1-R - gN?® cycle;
’ 1992 > ia yele;
4 Lee L. J. F mattix dominated composite
> 40] 1 1 . K
Sheu D. Y. [ (graphite/epoxy laminates [£45]),
A=A4+AB, B=A,+Co : . _
> max cyclic tension, 10 Hz, R = 0.1
No Authors Year Model Additional remarks
Passipoularidis
V. A 2011 Sy 5 Sy 5 A, B ate the constant parameters fitted to
5 e described —=1-(1-An’, Dy=1-—=(1-Am stiffness measurements taken durin,
Phlhppldls T.P. in [41] 0 Eo fatigue testing ¢
Brondsted P.
. oy is the average damage threshold stress
Laribi M.A. Sk N ’ until which there is no relative loss of
Tamboura S. - = [1 + Ao, — 05‘)] F > stiffness;
6 Fitousst J. 2018 ~0 $ Ny is the number of cycles until which
Tié Bi R. [42] s N B there is no evolution of the relative loss of
Tcharkhtchi A. D.=1-"R_1_ [1 + A, —0C ,)] - stiffness;
Ben Dali H. ! E, s ! N, sheet molding compound composite,
) cyclic tension, R = 0.1, 10 Hz
Residual strength models
7 Stinchcomb W. W., de:cgjge d B
Reifsnider K. L. in [43] o,=0,—(0, -0, )”A ,
e c A =1 linear strength degradation;
Shaff . R., 1997 D, =1- IR |- Zmax | A7 A>>1 “S_uddfﬂ_‘l death’.’ behavior;
8 Davidson B. D. [44, 45] oy, oy, A <1 rapid initial lcy)ss in §trength;
cross-ply glass/epoxy laminates,
cyclic tension
D'Amore A., A ~ A, B are the constants dependent on the
. o,=o0,—-———o0o, (1- R)(N1 b 1), material type and load conditions;
Carpino G. R U max
9 Stupak P ’ 1996 -B R is a stress ratio;
Zfa & [46] oy A o, _p GFRP, polyester/ polyurethane tesin,
; ou.]., D, =1-—=———"5(1-R)(N"" -1) four-point bending fatigue, 0,82 Hz,
Nicolais T.. o, (1-B) oy R=0,1,03,05,07
A
D’Amore A., 2015 Or = O +—_B0'mak(1—R)(N1f’B -N',
10 Giorgio M. > -
. ? A o _
Grassia L. [47] D, = - ﬁﬂ(l ~R)(N'"" -1)
o, (1-B) oy,
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_ A \I-B
Oy =0y +7Unm(l_R)(1_(l+l\“) )
1 Ganesan C., 2018 1-B woven GFRP, cyclic tension,
A R =0.5,3 H~
Joanna P.S. [48] D, = _Or __ O Fmas (1 RY(1— (14 N s z
oy 1-B oy
P ).6-Blsin| fis the frequency;
2003 0, —0, = ([Gm“] [gﬁm (1 73)1‘(””‘“"9‘}(1\TC —1), 0is the smallest ply angle of the laminate
12 Epaarachchi J.A,, 200 5’ S oy to the loading direction;
Clausen P.D. A 1.6-Blsin6)| A, B are the material parameters;
(49, 30] D, = —"R:([ s (1 B)} (N“ -1) B = R (stress ratio) for 0= R <1,
Oy Loy B =1/R for 1<R<o0

Table 3: Power law models of degradation of residual mechanical properties

Power law models of Habn H. T. and Kim R. Y. type. Hahn H. T. and Kim R. Y. [51] proposed using the following expression to
determine the residual strength:

o, =o' = ABN , (10)

where A is the constant, B is the parameter, which depends on the characteristics of fatigue loading (considering a single
stress level, B is treated as a constant). This expression can be considered an analogue of the linear model if the residual

mechanical characteristic is considered to be O'; . However, it can be shown that this model can be reduced to the following
form:

D, =1-Z8 =1—(1-Ax)’, D'=AB(1-An)"", "=~ A’B(B-1)(1- An)"", (11)
o,

where A, B are the model parameters dependent on loading conditions. The model can be represented as a function of both
the absolute and relative number of cycles, and it is possible to take into account the residual value of the mechanical
characteristic before fatigue failure. The constraints on the range of the function imply that_4 < 1, with 4 # 0. When B =1,
this model is linear. The constraints on the positivity of the first derivative of the damage function imply that 4B > 0.
Various options for using this power law model for the degradation of residual mechanical properties are presented in
Tab. 4. Depending on the value of parameter B, the following situations are possible (Fig. 5):

— when 0<B<1, then D" >0, which corresponds to a two-stage dependence with accelerated damage
accumulation;

— when B<0 or B> 1, then D" <0, which corresponds to a two-stage dependence with decelerated damage
accumulation.

No Authors Year Model Additional remarks
Residual strength models
1 A is a constant;
Hahn H. T. 1975 o AB B is a parameter, which depends on
> A A R ?
1 Kim R. Y. [51] Oy =0y — ABN, D c = I-—=1-1- N the characteristics of fatigue
Oy GLV loading
GC — GCJ -4 ﬂC O'B N A, B, Care the experimental fitting
R U > parameters;
5 Yang J. N, 1977 l Bis a parameter of the statistical
Liu M. D. [52] Oy A ﬂ O distribution of initial strength data;
D o l-——=1-|1-————F"N graphite/epoxy laminate
Oy oy [0/90/+45]s, 20 Hz, R = 0.1
I/ I/ . .
v _ v _ Oy =04, B OR, OU, Omax ate the characteristics
Oy =0y — O_C iy - C Ao-mﬂgeN > normalized by g;

U max i ini
Yang J. N, 1980 17 is a parameter deterrpmmg the

3 Sun C. T 53 1 rate of strength degradation;
un L. L >3] o (7:: " o’ —c 7 v A, B ate the parameters of the S-N
D =1-—2=1-|1-4-2"C =N curve for the characteristic fatigue

e 14 C C
O-U O-U GU - O-max life
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oy =0 = (o) —o I,
. 1985 x . .
4 Hashin Z. A A A is an empirical parameter
[54] GR O-max
D, =1-—=1-|1- 1__/1 n
O, U O, U
A A A
o, =0, —Bo, G (N-1),
5 Sendeckyj 1991 4 % A, B are the two dimensionless
G.DP. 55 o o_ . functions that do not depend on ¢
>3] D, =1-2& =1 1- BN - 1)| Zmax P
o, o,
- - N
oy =0 — (0} —Gncm)l\—T:
S
c_ <
of =0t - T N,
1|( Boy
exp ; P -1l A, V7 ate the parameters that
6 Whitworth 2000 max depends on the applied stress;
H. A. [50] 1 B, C are the experimentally
c ¢ determined constants
1 max Z\Y
[ o J

o v/c
A O-max

Table 4: Power law models of the type of Hahn H. T., Kim R. Y.

1

[A<1, A#0,
B<0orB>1
B<0orB>1
_ A
A<1,A#0,
0<B<1
0 J
0 p 1 0 " 1

Figure 5: The typical dependencies D(») and D'(n) of Hahn H. T., Kim R. Y. type power law model.

Tang H. C., Nguyen ., Chuang T., Chin ]., Lesko ]. and Wu H. F. model. The authors [57] proposed a general model of stiffness
degradation, approximating the initial and final sections of the damage dependence on the number of cycles in the form:

B, dD._A A
E,~ AN Dy (1-D.)*

(12)

Here, A1, A2, Bi, Bz are model parameters selected experimentally. The authors propose using the first term of the sum to
describe the initial section of the stiffness degradation diagram, and the second term for the final section. It is noted that
this differential equation cannot be solved explicitly. Therefore, a simplified model consisting of one of the two terms can
be considered, assuming 41 = 0 or 4> = 0. It can be shown that when 4> = 0, this model reduces to the simple power law
(Eq. 9), and when A; = 0, this model reduces to the general form (Eq. 11).

WuF., Yao W.X. and Stojkovic N., Foli¢ R., Pasternak H. model. Wu F. and Yao W.X. [28] proposed using the following
combination of power functions to approximate the residual Young's modulus data:
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. E —-E le N

D=2 g (1-4")", A=14(B-1)—2p, B=g—t (13)
~ E,-E, 1—n, o
0 / lg 2 (1 _ R) max

1-— ﬂlB O

where A, B are the linearly related model parameters; #1, 72 are the values of 7 corresponding to the boundaries of the second
stage of damage accumulation (0 < < m < 1); £1is the proportionality coefficient; R is the cycle ratio.
For the residual strength, Stojkovi¢ N., Foli¢ R., Pasternak H. [58] used the model of Shaff J. R., Davidson B. D. [44, 45]
and introduced the concept of strength reserve oy

o, =0, —(0, -0 (1=n", (14)

n c,=0,—-0, =(0,-0

max ) > res R max J max )

and then, for three-stage dependencies, they proposed using a combination of power functions, called the normalized
strength reserve model, which, when transformed, yields the expression:

O, —0O * O, —0O
Gmnz : = :(1_”3)44’ O-Rzamax+(ab'_0max)(1_”3)149 Do'= > . :1_(1_”B)A (15)
T o,—0 : o, —0,

max max

Thus, the general form of the model and its derivatives is:

A-1 B-1

D=1-(1-2")", D'=AB(1-4")"" s"",
D= AB[—(A—l)B(l —a") T (B-1)(1-") n“].

It should be noted that the model is only applicable when using the relative number of cycles and “normalized damage”.
The constraints on the range of values of the function imply that .4 > 0 and B > 0. In this case, for .4 = 1, the model
reduces to a simple power function, while for B = 1, it is a model of type (Eq. 11).
Since A, B > 0, the condition for the first derivative to be positive is satisfied. Depending on the values of parameters .4
and B, the following options are possible (Tab. 5):

— when A4 <1and B 21, then D" 2 0 and the function is applicable to desctibing two-stage dependencies with
accelerated damage accumulation;

— when 4 >1and B <1, then D" < 0 and the function is applicable to desctibing two-stage dependencies with
decelerated damage accumulation;

— when A4 <1 and B <1, then the function is suitable for describing three-stage “fast—slow—fast” dependencies;

— when 4> 1and B > 1, then the function is suitable for describing three-stage “slow—fast—slow” dependencies.
Model of Yang |. N. and Du S. type. The authors [59] proposed the following equation for predicting the residual strength of
polymer composites:

(16)

__Ou = O, ’(Aan N)Y’ (17)

where or is the residual strength normalized by f§; gy is the maximum fatigue stress normalized by g; 1, A, B, C and Y are
the model parameters; 6. is the stress range. This expression can be reduced to the following form:

D,=1-Z0=1-(1-4s")", D'=ABC(1-Ax") a"",
o, (18)

D"=ABC(1-An") " #"?(An" (1~ BC) + B~1).
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Here, A, B, and C are model parameters dependent on loading conditions. The model can be represented as a function of
either the absolute or the relative number of cycles, and it is possible to take into account the residual value of the mechanical
characteristic before fatigue failure. The constraints on the range of the function imply that A4 < 1, with 4 # 0, B> 0, C# 0.
The following cases are possible:

— when B = C =1, this model reduces to a linear model (Eq. 8);

— when B# 1 and C = 1, this model reduces to a simple power law model (Eq. 9);

— when B =1 and C # 1, this model reduces to models of the type of Hahn H. T., Kim R. Y. [51] (Eq. 11);

— when A4 = 1, this model reduces to the model Stojkovi¢ N., Foli¢ R., Pasternak H. [58] (Eq. 10).
Accordingly, this model (Eq. 18) can be called a generalization of previously presented types of models, as proposed by
Sarkani S., Michaelov G., Kihl D. P., Bonanni D. L [10].
From the constraints on the positivity of the first derivative of the damage function it follows that .4C > 0. Depending on
the values of the model parameters, the following cases are possible (Tab. 5):

— when B>1 and B(1 -AC) +.A>1, then D" >0, which corresponds to a two-stage dependence with
accelerated damage accumulation;

— when B<1 and B(1 - AC) +.A4<1, then D" <0, which corresponds to a two-stage dependence with
decelerated damage accumulation;

— when B <1 and B(1 —.AC) + .4 > 1, then the second derivative of the damage function changes sign from
negative to positive, and a three-stage “fast—slow—fast” dependence is realized;

— when B> 1 and B(1 —.AC) + A <1, then the second derivative of the damage function changes sign from
positive to negative, and a three-stage “slow—fast—slow” dependence is realized.
Zong |. and Yao W. model. Zong J., Yao W. [60] proposed using a combination of power and linear functions to describe the
stiffness degradation:

S =S
$, =8

/ =1—(A(1—(1—ﬂ)3)+(1—/1)ﬂ), Dj:i":fﬁ = A(1=(1=n)")+ (1= A)n, (19)

where Sy is the initial tangent stiffness obtained at predetermined cycles, Syis the residual stiffness at the end of stage 11, A4,
B are numerically selected model parameters. In this case, the damage function and its derivatives can be rewritten as:

D=A(1=(1=n)")+(1=A)n, D'=AB(1-n)""+(1=A), D'=-AB(B-1)(1-»)"". (0)

As in the previous cases, this model with two parameters, 4 and B, can only be used with a relative value of the
number of cycles and “normalized damage”. When B = 1, the model is linear; the condition D(# = 1) = 1 implies B > 0.
When A4 = 1, this model is reduced to a simple power law relationship; for .4 = 0, it is linear.

The conditions for the derivative of the damage function to be positive are: AB—1) > -1if B<1,or A<1if
B > 1. Depending on the values of parameters .4 and B, two scenarios are possible (Tab. 5):

— when B>1and A>0,0r 0<B<1and A4<0, then D" <0, and this model is applicable to describing two-
stage relationships with decelerated damage accumulation;

— whenB>1and A4<0,0r0<B<1and.A4 >0, then D" > 0, the function is applicable to describing two-stage

dependencies with accelerated damage accumulation.
Being a combination of two models (linear and simple power law), the Zong J. and Yao W. model may have enhanced
descriptive ability in some cases, but is not applicable to describing three-stage dependencies. Similar combination of power
and linear functions to describe the residual strength degradation was proposed by Cai Y.-]., Xie Z.-H., Xiao S.-H., Huang
Z.-R., Lin J.-X., Guo Y.-C., Zhuo K.-X., Huang P.-Y. [61]:

« Oy =0y _i N
Da——o_[:_o_m—V((V+1)n+(l 2) -1, 1)

which can be obtained from Eq. (20) considering "= ~1/.4 and B = 1"+ 1. This model can only desctibe the two-stage
dependencies with accelerated damage accumulation (> -1, 7 #0).
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Mao H. and Mabadevan S. model. Mao H. and Mahadevan S. [62] proposed a model with two power functions to describe the
residual Young's modulus:

(N, /N, )" / ’
DE:—EZA”B+(1_A)”C, = ( o /) _, Bz(&] i C:(&] . (22)
EO_Ef l—(l—V)(NO/N/‘) N N,

J

where A, B, C are the material parameters, which are determined from the point of view of the reference fatigue life No
through the material parameters a, £, y, 1. In the general case, the damage function and its derivatives can be represented
as:

D=An"+(1-A)n“, D'=ABn"" +(1-A)Cn“",

23

D"=AB(B-1)n"? +(1-A)C(C—-1)n""". &
When B = C, the damage function D = 1; in cases where .4 = 0 or A4 = 1, this model reduces to a simple power function.
The constraints on the function values imply that B> 0 and C'> 0. A sufficient condition for the first derivative of the
damage function to be positive is 0 <4 < 1, although combinations with negative values of A4 are formally possible. It
should be noted that D(z = 1) = 1; therefore, the model is applicable only when using “normalized damage” and only for
the relative number of cycles.
Depending on the values of parameters B and C, the following options are possible (Tab. 5):

— when B2 1 and C21 (except for B= C = 1), then D" = 0 and the function is applicable to describing two-
stage dependencies with accelerated damage accumulation;

— when B< 1 and C =<1 (except for B= C = 1), then D" <0 and the function is applicable to desctibing two-
stage dependencies with decelerated damage accumulation;

— whenB <1< CorC<1<B, thenD"(0) <0,D"(n=1) > 0, therefore, the function is applicable to describing
three-stage dependencies.

No D(n) D'(n) No D(n) D'(n)

Wu F., Yao W.X. [2§]

Stojkovié N., Foli¢ R., Pasternak H. [58] L o NN | [o5]

1 ro<B=<i1< 1 rA=05,B=03,
0<B<1<A4 C=09, V=09
0<A<1<B
Q a Q % a)
1 5 07
Qb,"’ N fa=05,
0<A.B <1 z D B=11,
0<A<1<B 4 o C=3,V=13
0 J O J J
0 p 1 0 p 1 0 p 1 0 p 1
Yang J. N., Du S. [59] Mu P. G., Wan X. P., Zhao M. Y [64]
1 1
B<1, B1-AQ)+A<1
B<1, B(1-AC)+A>1
B>1, B1-ACQ)+A>1
A e S a
2 a 6
0 ] 0 )
0 ; 1 0 Y 1 0 ) 1 0 . 1
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Zong J., Yao W. [60] Wang Z., Song L., Lei J., Xu S., Qui Y., Shen W. [21]
1 rB>1, A>00r B>1, A>0 ot Lo,
0<B<1, A< 0<B<1, A<0 4=1B<1
B >1, A<O0 or A<1
. 0<B <1, A>0 S
& a) Q Q
3 7
>1, A<0 or A=1,B>1
0<B <1, A>0
O J J O J )
0 p 1 0 p 1 0 ” 1 0 " 1
Mao H., Mahadevan S. [62]
1
B<1, C<lor B Sl, C<1or
B<1, C<1
A R B=>1,C>1or

4 Q

0 B<1<Cor C<I<B |

0 1 0 1
n n

Table 5: The typical dependencies D(#) and D'(n) of some power law models.

Lian W. and Yao W. model. The authors [63] proposed similar model to describe the residual stiffness of the composite.
However, considering that the damage functions reflecting changes in the residual stiffness and strength are connected by
a power law, the following model was proposed:

D, =20 o (g 4 (1= A)) D' =V (A" + (1= A)nC ) (AB" 4 (1= A) G, 24)
Oy = O

where A, B, C, 1" are the model parameters. Similar to the previous model, when B = C, the damage function is constant;
conditions .4 =0 or .4 =1 lead to the reduction of the model to a simple power function, and ”"=1 reduces it to the
Mao H. and Mahadevan S. model [62] (Eq. 22). The constraints on the function values imply that B > 0, C> 0, and > 0.
The first derivative of the damage function is positive if 0 <_4 <1 (this condition is sufficient). The model is applicable
only when using “normalized damage” and the relative number of cycles.

Since the Lian W., Yao W. model can be considered a modification of the previous model, it is applicable to describing both
types of two-stage dependencies, as well as three-stage dependencies, as was numerically proven (Tab. 5).

Mu P. G., Wan X. P. and Zhao M. Y. model. The authors [54] proposed using the following function to desctibe the influence
of preliminary cyclic loadings on residual stiffness and residual strength:

1

— ) _ ,
D*:SO SR:1_ 1—n _ ;: O, —Op :(D,;)V ’
S5 1+Cn O, —0,. ‘ 25)
1-R 1-R 1-R
C :/él O-max( )_'_[1, A= /éz O-max( ) +€2’ B :/é3 O-max( ) +€3’
GU - O-wax O-U - O-/mwc O-U - O-max

where A, B, and C are the material constants related to the stress level and stress ratio; £1, &2, £3, c1, &, ¢3 and 17 are material
constants. The authors propose a one-to-one relationship between damage, reflecting changes in the strength and stiffness
of the material. The proposed function and its first derivative have the form:
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1—p" AﬂA_l(1+CﬂB)+BC(1—ﬁA)ﬂB_1
D=1- T '= > . (26)
1+Cn (1 +Cn® )

Like the previous two models, this model can be applied without introducing additional parameters only when using the
relative value of the number of cycles as the argument of the function and “normalized damage”. The condition of equality
of the initial damage to zero is automatically satisfied for this function when .4, B > 0. In the case of C' = 0, this model
reduces to a simple power law dependence.

A sufficient condition for the positivity of the damage accumulation rate is C > 0. It is noted, that, in general, combinations
of parameters with C < 0 are possible that do not violate the condition of positivity of the damage function and its derivative.
Since the second derivative of the damage function is too cumbersome for analysis, the possibility of describing both two-
stage and three-stage dependencies was confirmed by selecting parameters .4, B and C. The typical form of the dependencies
D(n) and D'(n) is presented in Tab. 5.

Wang Z., Song L., Lei |, Xu S., Qui Y. and Shen W. model. The authors [21] proposed using the following function to describe
the dependencies of the residual Young’s modulus and residual strength on the relative number of cycles:

A
. o,-0O "
L/l S _ @7)
Oy = O 7 +B(1—2)

where 4 and B are the model parameters (4 # 1 or B# 1 condition is required). Derivatives of the damage function are:

2 (1=n) 7 (n" (20=1= A)+ B(1=n) " (20-1+ )

A-1(q A1
n (1 ﬂ) D' = 4B

D'=_AB =, 5
(ﬂ"1 +B(1—n)A) (ﬂA +B(1—ﬂ)A)

. (28)

This model requires using the relative value of the number of cycles and “normalized damage”. The function implies .4 > 0,
the first derivative of the damage function is positive when B > 0. Depending on the values of parameters 4 and B, the
following options are possible (Tab. 5):

— when 4 =1and B> 1, then D" > 0 and the function is applicable to desctibing two-stage dependencies with
accelerated damage accumulation;

— when 4 =1 and B <1, then D" <0 and the function is applicable to desctibing two-stage dependencies with
decelerated damage accumulation;

— when A <1, then D"(0) <0, D"(n=1) > 0, therefore, the function is applicable to describing three-stage
dependencies.

Exponential models of residual mechanical characteristics
Adam T, Dickson R. F., Jones C.J., Reiter H., Harris B. and Kassapoglou C. model. The authors [65] proposed to approximate the
data on residual strength by an expression of the form:

o,=o,e ™, D_=1 S SRS , (29)
Ou

where A is a parameter depending on the loading conditions. After this, in the work [66, 67], Kassapoglou C. proposed a
strength degradation model of the type:

— G N1 B
GRz(GU—GE)(M] / +o0, or GRzCeA‘\—Z, (30)

Oy —O0pg

where ok is the endurance limit stress, 4, B, C are model parameters that depend on loading conditions and fatigue resistance
characteristics. Given that D(N = 0) = 0, after transformations, models (29) and (30) can be reduced to the general form:
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D=B(1-¢"), D'=-ABe", D'=-ABe". 31)

Here, A and B are model parameters (the conditions A4 # 0, B > 0, B(1 — e) < 1 must be satisfied). These parameters are
selected experimentally and depend on the loading conditions. The model can be used with both damage and “normalized
damage”, as well as with both absolute and relative values of the number of cycles.

The D'(n) function is positive for .4 < 0, while the second derivative of the damage function is always negative, and the
model is applicable to describing two-stage dependencies with decelerated damage accumulation (Tab. 6).

Post N. L., Bausano J., Case 8. W. and Lesko ]. |. model. The authors [29] proposed using a combination of exponential and
linear functions to describe the processes of stiffness degradation in the form:

;—R=(1—A)+Ae*“”—cn, D, =1—;—R=A(1—e’“”)+Cﬂ, (32)

0 0

where A, B, and C are fitting coefficients whose values depend on the loading conditions. Within this model, the damage
function and its derivatives will have the form:

D=A(1-e")+Cn, D'=ABe"+C, D'=-ABe". (33)
It is noted that this model can be represented as a function of both the relative and absolute number of cycles. For .4 = 0
or B = 0, the model is linear; for C = 0, the model takes the form (31). The condition D(0) = 0 is satisfied for any values of
parameters A4, B, and C; the condition D(1) <1 is satisfied for A(1 —¢B) + C = 1; accordingly, both damage and
“normalized damage” can be used.
The function D' (#) is positive if AB + C > 0 for B = 0, and ABe2 + C > 0 for B < 0. Depending on the value of parameter
A, the following options are possible (Tab. 6):

— when A4 > 0, then D" < 0 and the function is applicable to describing two-stage dependencies with decelerated
damage accumulation;

— when A <0, then D" > 0 and the function is applicable for describing two-stage dependencies with accelerated
damage accumulation.

No D(n) D'(n) No D(n) D'(n)

Kassapouglou C. [66, 67] Philippidis T. P., Passipoularidis V. A. [11]

1

A>0, B<e
g ? A>0, B<e,
AeB+2B-1<0 AB+2B1> 0
A<0,B>0,
Q B(l-ehH <1 ‘Q Q h
1 3
A>0, B<e,
0 ) 0 AeB+2B-1> 0 , .
0 p 1 0 p 1 0 " 1 p 1
Post N. L., Bausano J., Case S. W., Lesko J. J. [29]
1 -
A>0
A>0
A -
5 A
A<0
A<0
0 ] ]
0 " 1 0 p 1

Table 6: The typical dependencies D(#) and D'(n) of exponential models
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Philippidis T. P. and Passipoularidis V. A. model. The authors [11] proposed a modification of the simple power model of
Broutman L. J., Sahu S. [36], which consists of taking into account the dependence of the exponent of the power function
on the number of cycles:

. O, — O .
_ Aesp(Bn) +_ Oy R _  Aexp(Bn)
oy =0, —(0y =0, ) s, D, = =n > 34)
O-U - Gmax

where A and B are the model parameters. The model can only be represented as a function of the relative number of cycles
and requires the use of “normalized damage”. The constraints on the range of values imply that .4 > 0; when B = 0, the
model reduces to a simple power function. The derivatives of the damage function will have the form:

. 1
Dr — AﬂAexP(BW) exp(Bﬂ)(Blnﬂ+—j,
n

(35)

. 1Y 1 1
D" = Ay e CXP(B%)I:ACXP(B;Z)(BIH”-ﬁ-—) +B(Blnﬂ+—j+(§——2j}.

n n n n

The function D'(n) is positive in its domain if B < e. Possible cases atre (Tab. 6):

— when Aef + 2B—1 =<0, then D" < 0 and the function is applicable to describing two-stage dependencies with
decelerated damage accumulation;

— when Aef + 2B -1 >0, then the second derivative of the damage function changes sign from negative to
positive, and the function is applicable to describing three-stage dependencies.

Logarithmic models of residual mechanical characteristics
Echtermeyer A. T., Engh B. and Buene L. model. The authors [68] proposed using the following model:

F,
F, =F,— AlnN, Dle—FRzAlnN, (36)

0

where Fp is the initial fatigue modulus given by the secant of the static stress-strain curve between the maximum tensile
fatigue stress and zero stress. This model can be represented as a function of only the absolute number of cycles. The
damage function’s range remains within the permissible limit provided the condition 0 <_4 < 1/In(IN) is met. The model
can account for residual damage during fatigue failure.

The first derivative of the damage function (Eq. 37) is positive when the previously specified range of values of parameter
A is observed. The second derivative is always negative; therefore, the model is applicable only to the description of two-
stage dependencies with decelerated damage accumulation (Tab. 7).

DIZ—, DVIZ__. (37)

Tang H. C., Nguyen 1., Chuang 1., Chin J., Lesko |. and Wu H. F. model. The authors [57] proposed a general model of stiffness
degradation that approximates the initial and final sections of the damage dependence on the number of cycles, in the form:

D, =1 _ﬂ’ d_D = A, e P4 A, el (38)
E,~  dN

Here, A1, Az, B, Bz are the model parameters selected experimentally. The authors propose using the first term of the sum
to describe the initial section of the stiffness degradation diagram, and the second term for the final section. It is noted that
this differential equation cannot be solved explicitly. Moreover, each of the two terms is equivalent (if no restrictions are
imposed on the signs of parameters By and By).
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Therefore, considering a simplified version of this model, assuming 4> = 0, and solving the differential equations taking
into account that D(0) = 0, the expression takes the form:

4B 4B
= , D'= 3 39)
1—_An (1—Aﬂ)

D=Bln(1-Ar), D'

where A, B are the model parameters (it is necessary to satisfy the conditions .4 # 0, 4 < 1, B # 0), selected experimentally,
and dependent on the loading conditions. The model can be represented using both the absolute and relative number of
cycles. The condition D(1) = 1 is satisfied when B In(1 —.4) = 1; accordingly, both damage and “normalized damage” can
be used in the model.
The function D'(n)) is positive when AB < 0. Depending on the value of parameter B, the following options are possible
(Tab. 7):

— when B >0, then D" <0 the function is applicable to desctibing two-stage dependencies with decelerated
damage accumulation;

— when B <0, then D" > 0 and the function is applicable to describing two-stage dependencies with accelerated
damage accumulation.
Tate ]. S. and Kelkar A. D. model. The authors [69] proposed using a model of the following type:

F, = F,[Aln(=Blnn)]+C, DF=1—E£=B—u4m(—Mﬂ) (40)

0

where Fy is the initial fatigue secant modulus at the first cycle. The model is applicable only when using the relative number
of cycles. Furthermore, D(#n—0)——%, D(n—1)—+% in the case of positive .4; therefore, the expression can only be used
to describe a section of the damage accumulation diagram, then it is preferable to use “normalized damage”. Derivatives of
the damage function are:

-A 1 1
p="2 preatt @1)
nlnn (ﬂh‘lﬂ)

The first derivative of the damage function is positive when .4 > 0. At the same time, the second derivative always changes
its sign from negative to positive, passing through zero when » = 1/e; therefore, the model is applicable only to the
description of three-stage “fast—slow—fast” dependencies (Tab. 7).

Wang C. and Zhang J. model. The authors [70] proposed using a model of the following type:

gﬁ:Ah{C;%j+B,m[%zl—gizB—Ak{C_ﬂ}

oy, n o, n

s C s C 2
—&:/ﬂn( _”j+B,mI%=l——&=B—/ﬂn( _”)

S, n S, n”

Here, A, B, C are the parameters of the model determined experimentally. The model can be used only with the relative
number of cycles and can also take into account residual damage. The damage function is definable for C > 1. It should also
be noted that D(#»—0)—00; however, unlike the model of Tate J. S. and Kelkar A. D. [69], this function is bounded by unity
when the condition B — Aln(C'— 1) < 1 is met. The derivatives of the damage function have the form:

AC C-2
p=—"+_ Dp'=—ac—— 43)

(ﬂ(C - ﬂ))Z

The first derivative of the damage function is positive for .4 > 0. Depending on the value of parameter C, two options are
possible (Tab. 7):
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— when C = 2, then the second derivative is non-positive, and the model is applicable to describing two-stage
dependencies with decelerated damage accumulation;

— when 1 < C < 2, then the second derivative changes sign at » = C/2, and the model is applicable to describing
three-stage “fast—slow—fast” dependencies.
Whitworth H. A. model. Whitworth H. A. [71, 56] proposed a model of stiffness degradation in the following form:

1 B 5

I z( P s J —Aln(1+N)+[—C1O_UJ ,

A C.o, o

max

(44)

B

1 B
y G C,
Dy =1-2£ =1 —(GL] ~Aln(1+N) J{—Cl%] ,

O

max

where A, B, Ci, (; are the model parameters, the number of cycles varies in the range from 0 to N By grouping the
parameters that do not depend on the number of cycles, the model takes the form:

B AB B-1
D=1-[1-Aln(1+N)], D's= [1-Aln(1+N)] ",
AB HHN *5)
D'=-————=[1-Aln(1+ N A(B-1)+1- Aln(N +1)).
gl AR N (A=) 1= A +)

It should be noted that this model cannot be represented as a function of the relative number of cycles. Furthermore, the
conditions .4 # 0 and B # 0 must be satisfied. The condition D(1) <1 is satisfied when [1 — Aln(1 + N)]? > 0, which
implies the constraint .4 < 1/In(1 + N). When these conditions are satisfied, the model is capable of accounting for residual
damage during fatigue failure. The function D'(IN) is positive for AB > 0. Depending on the values of the parameters A
and B, the following options are possible (Tab. 7):

— when B<OorB2(1+In(l +N)—1/A), then D" < 0 and the function is applicable to describing two-stage
dependencies with decelerated damage accumulation;

— when 0 <B< (1 +In(1 + N)—1/A), then D"(0) <0, D""(IN)) > 0 and the function is applicable to describing
three-stage “fast—slow—fast” dependencies.
Hashin Z. in his work [54] proposed an adaptation of the damage accumulation model (Tab. 4, No 4), which consists of
replacing » = N/ Ny with the ratio of the decimal logarithms of the number of cycles and fatigue life logN/logIN}, justifying
this by representing the fatigue curve in logarithmic coordinates. It can be shown that this version of the notation could
also be represented in the form of Eq. 45.
Ramatkrishnan V. and Jayaraman N. model. The authors [72] proposed using the following expression for approximating the
data on residual stiffness:

In(1-N/N
So g B o) N | BV o(1-N/N)

, (46)
) E, InN, N, | E, In(1/N)

where E,, and E, ate the Young's moduli of the polymer matrix and the reinforcing component (fibers), 17, and 17, are their
volume fractions (the initial Young’s modulus of the composite, Ey, is determined by the mixture rule), B is the parameter
characterizing the degree of interaction between the matrix and fibers (friction coefficient), (1 — C) is the unfractured section
of the cross-section before fatigue failure, and the number of cycles N vaties in the range from 0 to Ny— 1. By grouping
parameters that do not depend on the current number of cycles, the model takes the form:
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Dj,=1—512=Aln(N+l)+BN—C1n(1—N/Nf),
A S , D'=- 4, <

= N1 N‘/ (N+1)2 (Nf —N)z .

(47)
D!

This model can be represented as a function of only the absolute number of cycles, and the model is capable of accounting
for residual damage during fatigue failure. The range of values for this function lies within the permissible range if the first
derivative of the damage function is positive and Aln(IN) + B(INy— 1)+ Cn(IN) = 1.
A sufficient condition for the first derivative of the damage function to be positive is the positivity of all its parameters (as
assumed by the authors of this model). Depending on the values of parameters 4 and C, the following options are possible
(Tab. 7):

— when —A4 + C/NZ 2 0, then D" 2 0 and the function is applicable to describing two-stage dependencies with
accelerated damage accumulation;

— when —A/NZ + C <0, then D" < 0 and the function is applicable to describing two-stage dependencies with
decelerated damage accumulation;

— in other cases, D''(0) < 0, D"(IN) > 0 and the function is applicable to desctibing three-stage “fast—slow—fast”
dependencies.
Varvani-Farahani A. and Shirazi A. in their work [73, 74] proposed a modification of the model of Ramakrishnan V. and
Jayaraman N. to take into account the accumulation of damage in layers located at an angle 6 relative to the axis of load
application:

_r)\ln(1-N/N
) E InN, N InN, / 20, ln(l/N/)

0 f U

D, =1

0 0

where Bi, By are parameters that determine the dependence of the friction coefficient between the fiber and matrix on the
number of cycles. The number of cycles Nyis normalized by the percentage of drop in stiffness recorded for a fatigue test.
The authors subsequently applied this model to predict the stiffness degradation of cross-ply and angle-ply composites.

No D(n) D'(n) No D(n) D'(n)
Echtermeyer A. T., Engh B., Buene L. [68] Whitworth H. A. [71, 50]
1 r 1 rB2@A+In(1+N)-1/4
Q a Q a
1 Q 5 Q
0<B<(1+In(1+Ny-1/A)
O J J
0 N N0 N N 0 N N 0 N N
Tang H. C., Nguyen T., Chuang T., Chin J., . ]
Lesko J., Wu H. F. [57] Ramakrishnan V., Jayaraman N. [72]
1 - -
-A+C/NA <0
A#0, A#0,
A < <
2 a 6 A
0 . . —A+C/NF 20 .
0 " 1 0 p 1 0 N N, 0 N Ny
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Tate J. S., Kelkar A. D. [69] Adam T, Dickson R.F., Jones C.J., Reiter H., Harris B. [65]
1 r 1 ra=11,
B=11
Q a _Q
3 . 7
0 J J 0 J
0 p 1 0 ” 1 0 N Ny
Wang C., Zhang ] [70]
1 .
c=2
1<C<2
, = 1<C<2 Q
c=22
0 J J
0 p 1 0 p 1

Table 7: The typical dependencies D(#) and D'(n) of logarithmic models.

Adam T., Dickson R.F., Jones C.J., Reiter H. and Harris B. model. The authors [65] proposed using a model of the type:

SIS

A - %
M] D= Ou=Ok 1_(MJ , (49)

logN, —log05) | * 7 o,-0 log N, —log0.5

max

O-R = Gmax + (O-U - O-max) 1 _(

where A4 and B are parameters determined based on test results, and the number of cycles IN varies from 0.5 (corresponding
to static failure) to N Rewriting this expression yields:

A\P A\ A-1

In2 In2 In2 1

D=t-|1-| 2Ny | 02N n2ly : (50)
In2N, In2N, In2N, ] N2N,

This model can only be represented as a function of the absolute number of cycles and only with “normalized damage”.
The constraints on the function’s range of values imply that .4 > 0 and B > 0.

The first derivative of the damage function is positive for positive values of the model parameters. The conditions
determining the existence of zeros of the second derivative of the damage function over the considered range of cycles
cannot be expressed analytically. Therefore, by selecting parameters, it was demonstrated (Tab. 7) that the model is capable
of describing two-stage dependencies with decelerated damage accumulation, as well as both types of three-stage
dependencies.

Shokrieh M. M., Lessard L. B. [75, 76] proposed to take the equivalent number of fatigue cycles equal to 0.25, since static
loading is a quarter of a cycle, and the model takes the form:

B

A
log N —log0.25
UR = 1_ Og Og (UU - Umax)+ Gmax’
log N, —log0.25
G
4 B
log N —log0.25
E,=|1-| 222"0% (E,—E,)+E,,
log N, —10g0.25
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Trigonometric models of residual mechanical characteristics

Trigonometric functions have also found application in residual mechanical property models due to their non-monotonicity
and the ease with which their combinations can approximate both two-stage and three-stage dependencies.

Yao W. X. and Hinmel N. model. The authors [77] proposed using a trigonometric model of the form:

) sin(.An)cos(A— B) D= O _ sin(.An)cos(A— B)
™ sin(A)cos(An—B)’ ° o,-0,,. sin(A)cos(An—B) .

oy =0, —(0y = (52)

This model can be represented as a function of the relative number of cycles. The function is definable under the conditions
A# zkand (An— B) # /2 + 7k for any 0 < n < 1 (whete £ € Zis an integer). It is also noted that D(0) = 0 and D(1) = 1.
The derivatives of the damage function are:

D= Acos(B)cos(A - B) D= 2.A4° cos(B)cos(A—B) sin(An— B)
sin(A)cos’(An—B)’ sin(A) cos’(An—B)

(53)

A sufficient condition for this function to be positive is the fulfillment of the following constraints: 0 <.4 <z, —
7/2 < B<7z/2,(A- B) < z/2. Depending on the values of parameters .4 and B, three options are possible (Tab. 8):

— when A < B, then D"(#) <0 and the model is applicable to describing two-stage patterns with decelerated
damage accumulation;

— when B <0, then D"(#) > 0 and the model is applicable to describing two-stage patterns with accelerated
damage accumulation;

— in other cases, the model is applicable to describing three-stage “fast—slow—fast” dependencies.
If experimental data on strength reduction are not available for selecting the model parameters, the authors recommend
using A = 2n/3, B=0.5A4.
A model of the same type and equations for calculating the parameters were proposed by Shiri S., Yazdani M., Pourgol-
Mohammad M. [78] to describe damage through changes in residual dynamic stiffness:

. - in(A A-B ,
p; =SSk _sin(Aneos( A=) - esp(Onn /00) 4o p5p s (54)
S, =58, sin(A)cos(An—B) log N,

Gao |., Zbu P., Yuan Y., Wu Z. and Xu R. model. The authors [79] proposed using a modified trigonometric model in the
form:

D = Oy =0y _ sin(An)cos(B) - E, -5, _ .sin(Aﬂ)cos(BA) ’ / =E0max- 55)
E,-E, sin(A)cos(Bn™) Tooy

o,-0o,. sin(A)cos(Bn)’

This model can be represented as a function of the relative number of cycles. The function is definable under the conditions
A>0, A# 7k and Br'# 7/2 + 7k for any 0 < #n <1 (where £€ Z is an integer). It is also noted that D(0) = 0 and
D(1) = 1. The first derivative of the damage function is:

D/

_ AcosB Bn"''sin(An)sin(Br™) + cos(An)cos(Br ) 56

sin A cos’(Bn™) .
The conditions that determine the positivity of the derivative of the damage function cannot be expressed analytically, the
sufficient conditions can be formulated as follows: 0<A<r, —71/2<B<zx/2 and
(B — 1)sin(An)sin(Br) + cos(An)cos(Br?) > 0. It is noted that if the third condition is not met, a situation is possible in
which a process of decreasing cumulative damage occurs. Numerical calculations demonstrate that the model is applicable
to the description of two-stage, as well as three-stage “fast — slow — fast” dependencies (Tab. 8).
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No D) D'(n) No D(n) D'(n)
Yao W.X., Himmel N. [77] Liu H., Zhang Z., Jia H., Liu Y., Leng J. [81] - cos
1 rA>050<B<1,
ot A=1,B=1
N
QLY’
el -
Q Al
1 3 o p Q
0<A<0.5,
B=1
O J
1 0 ; 1 0 ) 1
Liu H., Zhang Z., Jia H., Liu Y., Leng J. [81] - sin
1 1 rosss 0.5,
bl
Q.
L
QLQ’
) ) Q 2> [
2 4 -
>0.5,
0<A<1,
orB21,
0 0 A=1
0 p 1 0 p 1 0 p 1 0 " 1

Table 8: The typical dependencies D(#) and D'(#) of trigonometric models

Lin H., Zhang Z., Jia H., Lin Y. and Leng ]. model. The authors [80] proposed using two trigonometric models, which can be
considered modifications of the Wu F., Yao W. X. [28] and Stojkovi¢ N., Foli¢ R., Pasternak H. model [58] (Eq. (16)). The
first model considers damage function and its derivatives in the following form:

Dy =E°+§R= Cos(g(l—ﬂB)AJ, D' =%ABsin(%(l —nB)AJ(1_””)A_1 A

0 F

(57)

2 Sin(ﬁ(l_”B)A] B-1
D" =" AB(1-n")" 2 ( _ +1—AB)—ABCOS(£(1—%B)A].
4 2

%(1_”3)14 n’

This model can be represented only as a function of the relative number of cycles and requires the use of “normalized
damage”. The model is definable under the conditions .4 > 0 and B > 0, which are sufficient for the positivity of the first
derivative of the damage function. Depending on the values of parameters .4 and B, three options are possible (Tab. 8):

— when 4205 0<B<1,0otA21,B=1,then D"(n) <0 and the model is applicable to describing two-stage
patterns with decelerated damage accumulation;

— when 0 <A =<0.5, B2 1, then D" (#) 2 0 and the model is applicable to desctibing two-stage patterns with
accelerated damage accumulation;

— when 0<.A4<0.5 and 0 < B <1, then the model is applicable to describing three-stage “fast—slow—fast”
dependencies. In other cases, the three-stage “slow—fast—slow” dependencies can be described.
The second damage function was proposed by the authors [80] in the following form:
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* E _E - —
Dy =u=1—sin(£(l—ﬂB)A), D'ZEABCOS(E(l—ﬂB)Aj(l—nB)A D g
T E, -E;. 2 2 2
T B\
5 COS((l—ﬂ ) j B_1 B (58)
- —1+(1-_AB
D' =Z aB(1-n?) " | 22 ( k ) +ABsin[£(l—nB)Aj .
4 T g (1 _”B) 2
5 n

The conditions .4 > 0 and B > 0 are also required. Depending on the values of parameters .4 and B, three options are
possible (Tab. 8):

— when 421, 0<B=0.5, then D"(#) <0 and the model is applicable to desctibing two-stage patterns with
decelerated damage accumulation;

— when0<A<1,B20.5,0t A=1,B21,then D'"(n) = 0 and the model is applicable to describing two-stage
patterns with accelerated damage accumulation;

— when 0 <A <1 and 0 < B <0.5, then the model is applicable to describing three-stage “fast—slow—fast”
dependencies. In other cases, three-stage “slow—fast—slow” dependencies can be described.

Models of residual mechanical characteristics based on the use of cummulative distribution functions

Staroverov O. A., Mugatarov A. L., Yankin A. S., Wildemann V. E. [81] proposed using cumulative distribution functions to
approximate data on the residual mechanical characteristics of composites, as they have characteristic sections
corresponding to the patterns observed in experiments.

Beta distribution based model. Based on the use of the beta distribution [81], a model of fatigue damage was proposed:

D=L (s (=)a Bap)=] =0 o

where B(a,p) is the complete beta function, B,(a,f) is the incomplete beta function, and a > 0, > 0 are the beta function
parameters whose values depend on the loading conditions. In this case, the properties of the damage function are similar
to those of the regularized beta function.

For a = 1, this model corresponds to the Wu F. and Yao W. X. [28] and Stojkovi¢ N., Foli¢ R., Pasternak H. [58] model
(Eq. 16) with parameter B = 1. For = 1, this model cotresponds to the simple power law model (Eq. 9) with parameter
A = 1. These cases are not considered further. The derivatives of the damage function have the form:

”a—i(l_ ”a—Z(1_”)ﬂ’z(a—l+ﬁ(2—a—ﬂ)).

)
l: , DII —
B(a, ) B(a, )

(60)

This model can only be used with a relative number of cycles and only with “normalized damage”, since D(1) = 1. The
positivity of the parameters a and £ implies that the first derivative of the damage function is positive. Depending on the
values of the parameters a and S, the following options are possible (Tab. 9):

— when a>1and 0 < #<1, then D" > 0 and the function is applicable to desctibing two-stage dependencies
with accelerated damage accumulation;

— when 0 <a<1and > 1, then D" <0 and the function is applicable to describing two-stage dependencies
with decelerated damage accumulation;

— when 0<a<1 and 0 < <1, then the function is applicable to describing three-stage “fast—slow—fast”
dependencies;

— when a>1and > 1, the function will predict “slow—fast—slow” dependencies.
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No Model D(n) D'(n)
Lr o<a<,
Beta distribution based model Q b
1
[81]
0
0 p 1 0 p 1
1 -
Model based on ) g z (1)’
2 the Weibull distribution
[81] 4>,
0<B=<1
O J
0 P 1 0 p 1
Lr A>0,
0<B<1
Model based on A>0, _
5 the Weibull distribution S| B> a A>0,
with a linear section ! B>1
82] T A, .
0 | " 0< B Sll i i |
ny  nytAn ny  nytAn
0 p 1 0 ” 1

Table 9: The typical dependencies D(z) and D'(n) of models based on cumulative distribution functions

Model based on the Weibull distribution. Based on the use of the Weibull cumulative distribution function, the authors [81]
developed a model:

1 1
Dy =1-25 = A(=ln(1-n))5 or D, =1-Z% = A(-In(1-n))?, (61)
E, oy

where A and B are parameters which values depend on the loading conditions. Within this model, the damage function and
its derivatives have the form:

D= A(_ln(l—”))%, D’ =§(—1n(1 _,4))%’1

1
1—-n

, A (62)

1, 1 1
D —E(—ln(l — )P T (5—1—1n(1 —n)).

This model can only be used with a relative number of cycles and only with “normalized damage”, since D — ®© as » — 1.
The conditions for the damage function to be positive and its value to be zero at # = 0 imply that .4 > 0, B > 0. This same
condition is sufficient for the first derivative of the damage function to be positive. Depending on the value of parameter
B, the following options are possible (Tab. 9):

— when B =1, then D" 2 0 and the function is applicable to describing two-stage dependencies with accelerated
damage accumulation;
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— when B > 1, then the second derivative of the damage function changes sign, and the function is applicable to
describing three-stage “fast—slow—fast” dependencies.
A drawback of the model is that it obtains values of D > 1; however, this behavior most often occurs as 7 — 1.
Model based on the Weibull distribution with a linear section. The authors [82] developed a modification of the previous model,
consisting of adding an additional linear section that maintains the continuity and smoothness of the damage function:

1
ﬂ E
(1-AD) A —ln(l— , 0<n<un,,
1-An

AD
D= D, +(I’1—ﬂ0)E, ny Sn<n,+An, (63)

1
— B
AD+(1—AD)A(—1n(1—’1¢ i”D, 1y +An<n<,
—An

where A, B, m, An are parameters whose values depend on the loading conditions, parameters Dy and AD are determined
by the expressions:

-1

1 1
b B
D, =(1-AD) A —ln[l— % j , AD=1-|1+2 —ln(l— % j An L6
1-An B 1-An 1=An—n,

The necessary constraints (including those from the original model) are: . 4> 0, B> 0,0=<m <1-An 0 <Az <1. Asin
the original version, the model can be used only with the relative number of cycles, and also with “normalized damage”.
The derivatives of the damage function have the form of (Eq. 65).

Given the imposed constraints, the damage function is automatically positive. Depending on the value of parameter B, the
following options are possible:

— when B <1, then D" 2 0 and the function is applicable to describing two-stage dependencies with accelerated
damage accumulation;

— if B> 1, then the second derivative of the damage function changes sign, and the function is applicable to
describing three-stage “fast—slow—fast” dependencies.

1
——1
A B 1
(1-AD)= —ln(l— i j , 0<n<un,
B 1—An 1—-An—n
AD
D'= —, ny <n<n,+An,
An
1
—1
—An )1
(1—AD)£(—ln(1—” ”D . my A An<n<i,
1
—-2
b 1 1
(1—AD)£(—ln(1— z D 2(——1—1{1— e D 0<n<n,
B 1—An (1-An—n)" \ B 1—An
D" = 0, n,<n<n,+An,

1
——2
A ~A\ ) 1 (1 ~A
(1-AD)= —11{1—” ”j _ ——1—11{1—” ”] ny+An<n<i,
B 1—An (1—;1) B 1—An

Further expansion of this class of phenomenological models for describing the residual mechanical properties of polymer
composites after fatigue loadings by using various probability distribution laws appears promising.
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DiscussioN

Summary of the results

hus, within the framework of the developed methodology, an analysis and classification of phenomenological

models of residual mechanical characteristics have been carried out. Various models have been grouped by their

primary function: polynomial, power, exponential, logarithmic, and trigonometric, with a separate category for
models utilizing cumulative distribution functions. Each group is further divided into subgroups according to the specific
form of the function that defines the dependence of damage (or “normalized damage”) on the number of loading cycles
(either absolute or relative). A generalized form of the classification is presented in Tab. 10. The total number of subgroups
(i.e., the total number of distinct characteristic functions) amounted to 28. Of these, 17 functions can only use the relative
number of cycles (without explicitly introducing fatigue life as an additional parameter), 4 functions can only use the absolute
number of cycles (logarithmic models), and 7 functions allow both variants (due to the presence of a parameter multiplied
by the number of cycles). In addition, 16 functions can only be used with “normalized damage”, which requires
determination of the residual value of the material property prior to fatigue failure, while the other 12 functions can be used
with both definitions of damage. Twenty-four models are capable of describing two-stage dependencies with decelerated
damage accumulation (without the third stage), 20 models can describe two-stage dependencies with accelerated damage
accumulation (without the first stage), and 19 models are able to describe three-stage “fast—slow—fast” dependencies.
However, only 12 models can be used as universal ones that can describe all types of mechanical properties degradation
curves.
The proposed classification can be used as a tool to select the model that best describes experimental data on residual
mechanical characteristics. Based on the characteristic shape of the experimental curves and considering the possible
exclusion of certain sections, only those models that are capable of describing the observed dependencies can be immediately
selected. Furthermore, when determining the dependence of model parameters on loading conditions, the ranges of
parameter values that ensure damage remains within the interval [0; 1], maintain a positive rate of damage growth, and allow
the description of two or three characteristic stages can be considered from the outset. In addition, the presented derivatives
of the damage functions can be used to determine the boundaries of the stages of fatigue damage accumulation based on
the characteristic rate of damage growth.
Concurrently, this classification provides a foundation for formulating novel phenomenological models. This can be
achieved both by modernizing existing functions and by searching for new variants (for example, within the group of models
based on cumulative distribution functions, only two types of distributions were used, whereas the total number of
distribution functions amounts to several dozen).

Limitations
Within the developed methodology, the considered models have several limitations:

— the stochastic nature of the degradation of mechanical properties is not considered. Experimental data on
residual properties might demonstrate deviations from the fitting curves, which must be taken into account in the calculation
of the model parameters [5, 47, 70, 73, 78];

— the problem of damage accumulation under various loading conditions (including temperature changes) is not
considered. However, the degradation of mechanical properties might lead to a change in the stress-strain state even under
similar loading of the structure;

— no possible “healing” of the material is taken into account. For example, work [83] demonstrated growth of the
residual stiffness after preliminary cyclic loading, which might be caused by a local change in the reinforcement scheme.
Possible directions for the development of phenomenological models are discussed below.
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Future scopes

Based on the review, several promising directions for the further development of phenomenological models of residual
mechanical characteristics can also be identified.

The first direction is related to the introduction of stochasticity in the distribution of the material’s elastic and strength
characteristics into the models. Such approaches have been proposed in works [29, 30, 39, 40, 44, 45, 47, 49-53, 55, 56, 59,
71], with the Weibull distribution law being the most frequently used. The necessity of this line of development is determined
by the presence (in some cases significant) of scatter in the mechanical properties of polymer composites.

The second direction concerns the application of the considered models to the problem of damage summation under
variable loading conditions. This direction has been addressed in papers [28, 38, 78, 79, 80] (Tab. 11). The change in residual
strength under multiple damage levels was considered in works [12, 36, 44, 45, 49, 50, 54, 66, 67, 84| (Tab. 12). The relevance
of this direction is justified by the fact that fatigue damage accumulation rarely occurs under constant loading conditions.
Moreover, changes in the mechanical characteristics themselves can lead to alterations in the stress-strain state within the
cycle.

No Authors Model
Damage accumulation under the variable amplitude fatigue loading
Owen M. J., Howe R. J. _ _ 2
! 1972 [38] YD, =%Bn,—An |
B Y I B, Al:‘ %3’
Wu F., Yao W.X. N.+N. . N. . +N._, .
2 ’ D(n)=1-|1-| ——-= , N =N, |1-|1-| L2
2010 [28] ) { N, j et =N, N,
A, (1-R) -
10g Oy, B, 5
N, +N, P sin(A,_.n._)cos(.A. ,—B A, (1-R)
Shiri S., Yazdani M., D(n;) = L , N, = Nﬁ - (A )cos(A, = B) >
3 Pourgol-Mohammad M. N /i sin(A, )cos(A,_n,_,—B, )
2015 [78]
O .
B, = ﬂ\/BH +B, A, =\A_+4,
Gm;lx
: N, : N,y
Gao J., Zhu P., sin Ai\f cos(B,) sin| A,_, N cos(B,_,)
l |
4 Yoo WuZ, D,(n)= . D)= e
Xu R. J\T, / J\Tv -1
2022 [79] sin(A, )cos| B,| — sin(A,_,)cos| B,_,| —
N, Ny,
1
Liu H., 5N p N
Zhang 7., Jia H., Szl (N+N) ) N +N_ ) |
> LiuY., Leng J. D(n)=1=sin| | 1~ N—1 , Ny =N [1-11- %
2020 [80] Ji Jim

Table 11: Damage accumulation in the considered models

No Authors Model

Residual strength models for several stress levels

Broutman L. -]" GK1(771) = GU - (GL‘ - Gmaxl )”1 > GR2(711+}12) = O-Rl - (O-U - O-maxz )”2
1 Sahu S.
1972 [36] Oy miny) = O (04 = O 1 = (O = O 11
1
j-1 A,
Shaff J. R,, ; N +N A, o, — 0y N,
2 Davidson B. D. — o€ / _ i=1
Oy ZNI‘ =0, ~(0y = O )| — > Ngﬂ =\ N/
1997 [44, 45] P N, o 01~ O,
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3 Clausen P.D. RG-1) R@
2003, 2005 [49, 50] where / — the frequency, # — the smallest ply angle of the laminate to the loading direction,
B = R — stress ratio for —00<R<1, B = 1/R for 1<R<®, a;— a ‘factot’ that accounts for the fraction of strength
degraded under variable amplitude loading, Ng() — the residual life at g, after the loading at the (=7)th step.
A _ A A A A _ A A A
A Hashin Z. Or,n) =Ou — (o — O s, )y, OR,mtn) —Or, — (o — O s, s,
1985 [54 A | A A A A
>4 R, (m+m) — OU —(oy - Oy, n = (o — O max, ),
1
Post N. L., Case S. W., B A; A |B,
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6 2010, 2011 [66, 67] O, = (O, )7 (00) Nty oy = (0, )N NN (0 ) I i
the residual strength after the first two segments, N7 at gy followed by N> at gy
[ N;+N,, ] ot
Aexp| BT’ Y |
Passipoularidis V. A., _ N[ + Naq, s _ GRH - O-maxl T
7 Philippidis T. P Ok, =0u _(GU " T, ) N o Ny =|1-|—/— Ny,
ppidis T. N, Oy =0,

2009 [84]

where 7,,— the number of constant amplitude fatigue cycles that would have brought the strength down to ¢
-1

Table 12: Change in residual strength under multiple damage levels.

The third direction is linked to the anisotropy of polymer composites, in particular, with the possible influence of cyclic
loading along one axis on the entire spectrum of the material’s elastic and strength characteristics. This direction has been
highlighted in the studies [21, 27, 41, 63, 75, 85, 86]. Solving these issues will contribute to the development of strength
criteria for anisotropic materials that explicitly consider the number of loading cycles.

A possible direction for further development is the reduction of the number of constraints used in the methodology for
model analysis. Firstly, this involves consideration of possible “healing” effects during fatigue damage accumulation, which
can be implemented by enabling of a negative value of the damage function derivative within a certain range of cycles. In
addition, it appears promising to consider the existence of ranges in which the material is insensitive to cyclic loading. Cases
where random initial damage of the material is taken into account (D(0) > 0) can also be examined, which would partially
correspond to accounting for the statistical scatter of strength and deformation characteristics of the undamaged material.
Moreover, the models can be adapted to analyze the structural elements as a whole [87] and take into account cyclic
temperature changes [88].

It should be noted that the models considered can be used to predict the residual fatigue life of composite structures based
on known current values of the material properties [30, 42, 46—48, 55, 63, 80, 89]. Furthermore, the prospects for applying
phenomenological models of residual mechanical characteristics are linked to the feasibility of implementing them in
strength calculations of real structures to ensure their reliability and safety. This requires boundary value problem
formulations that account for the processes of fatigue damage accumulation. One such formulation was presented in work
[90] based on a structural-phenomenological approach, which considered: the multi-level nature of damage accumulation
processes, changes in the elastic and strength properties of the material under cyclic loading, the existence of characteristic
sizes of the damage zone (i.e., non-locality of damage accumulation processes), failure due to the intersection of the loading
path with the strength surface, stochastic distribution of mechanical characteristics throughout the body volume, and the
influence of loading systems. This will make it possible to implement the considered models in numerical methods for
solving boundary value problems, particularly in the finite element method [7, 21, 41, 83, 85, 91, 92].

CONCLUSIONS

hus, the present work has carried out an analysis and classification of phenomenological models used to describe
the dependencies of the residual mechanical characteristics of polymer composites subjected to cyclic loading.
Within the framework of the developed methodology, the following assumptions were adopted: the constancy of
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loading conditions during cyclic exposure, the absence of material “healing” under cyclic loading, and the possibility of
explicitly expressing the dependence of damage on the number of loading cycles. Constraints were introduced on the range
of values of the damage function and on the positivity of its first derivative, on the basis of which the admissible values of
the model parameters are determined. Based on the analysis of the second derivative of the damage function, conclusions
were drawn regarding the ability of the models to describe two-stage and three-stage dependencies of residual properties on
the number of loading cycles. The phenomenological models presented in the literature have been classified according to
the primary function employed into polynomial, power, exponential, logarithmic, and trigonometric models, as well as
models based on cumulative distribution functions. Twenty-eight subgroups (i.e., distinct characteristic functions) have been
outlined. Only twelve models can be used as universal ones, being able to approximate both types of two-stage dependencies
and three-stage dependencies. The limitations of the present study have been outlined, and the main directions for the
further development of phenomenological models have been identified.

Based on the above, it can be concluded that research into the influence of fatigue damage on the residual mechanical
characteristics of polymer composites is highly relevant.
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LIST OF SYMBOLS

P, a € [1;k] — set of cyclic loading parameters

2w, B € [1;] — set of mechanical characteristics of a material

gp — functions, the number of which corresponds to the number of mechanical characteristics of the material
ap, b, ¢p — parameters included in the function g

K, B € [1;] — integrity functions, reflecting the change in the p(g (integrity normalized by the initial value of the mechanical
property)

D, B € [1;] — damage functions, reflecting the change in the p(g (damage normalized by the initial value of the mechanical
property)

K5 — “normalized integrity” (integrity normalized by the initial and final values of the mechanical properties)
Dy — “normalized damage” (damage normalized by the initial and final values of the mechanical properties)
N — number of cycles

Ny— fatigue life

n= N/ Ny— relative number of cycles (cycle ratio)

ER — residual Young’s modulus

Ey — initial Young’s modulus / elastic modulus

Es— Young’s modulus at the moment of failure

Sr — residual stiffness

Sy — initial stiffness

S — stiffness at the 15t cycle

S0 — stiffness at the 10t cycle

Sy — stiffness at the moment of failure

Fr — residual fatigue modulus

Fy — initial fatigue modulus

Fy— fatigue modulus at the moment of failure

ou — ultimate strength

or — residual strength

O — MAXimum stress

range — STTESS range

O — SLIESS rEserve
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R — stress ratio

A, B, C, I, Y — model parameters

D,, D, Dy, Dr — damage functions expressed through the corresponding mechanical characteristics

D", D', Dy, D" — “normalized damage” functions expressed through the corresponding mechanical characteristics
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