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INTRODUCTION  
 

n additive manufacturing the ability to predict the resulting residual stresses stands as a critical factor influencing the 
quality, structural integrity, and lifespan of the produced part. The stresses developed during the process could lead to 
deformation or part failure, thus making their prediction and management of the utmost importance. Heat treatment I 
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is a possible way to relieve residual stresses, but it also causes the reduction of exceptional properties in as-build conditions 
[1, 2]. Thus, various experimental and computational methods were adopted for the estimation of residual stresses. 
The mechanical experimental methods are based on the analysis of part deflection due to the presence of residual stresses, 
and in the simplest applications are not require any expensive equipment. For example, Mercelis and Kruth [3] proposed a 
simple model for additive manufacturing of brick based on sequential adding of layers with the assumption of thermal 
shrinkage of every layer up to yield condition. A closed system of equations for forces and moments allows to calculate 
residual stresses before and after the separation with the use of part deflection after separation from the substrate. The 
demonstration of this modeling technique is also found in [4] for the photopolymerization process, in which the out-of-
plane rotation of the additive polymer film is restricted during the process, and only in-plane stretching occurs. After 
separation from the substrate, the part will bend under its internal stress field.  
More advanced mechanical methods, such as contour method [5], are based on the deformations measured on the entire 
surface of the produced part, so then residual stresses can be reconstructed [6].  
The X-ray diffraction is a popular non-destructive method for residual stress measurements [7-9]. The major limitation of 
the method is a possibility of measurements only near the surface of the part. Therefore, a combination of different methods 
allows to understand better residual stress distribution both on surface and through the thickness of the part [10]. 
Neutron diffraction is the principal method of non-destructive measurement of residual stresses allowing to penetrate in 
the metals to many millimeters. The main drawback is the complexity and time consumption, since it requires the extraction 
of volumes at gage locations, which are considered as ones with stress-free lattice [11, 12]. Nevertheless, for the 
measurements at surface, neutron diffraction is accompanied by other methods [13].  
For a review of other experimental techniques, readers are referred to [14, 15].  
Many numerical methods for the computation of residual stresses rely on the solution of heat transfer problem coupled 
with thermo-mechanics [16-18]. These methods can be implemented using modern Finite Element Modeling (FEM) tools. 
However, the estimation of computational cost for direct analysis indicates that the mesh size should be of the order of 
micrometers (one-layer thickness), and the time increment is estimated to be on the nanosecond scale. To manage this 
unacceptable demand on computational resources, the mesh scaling approach is applied, where the thickness of one element 
corresponds to tens of physical layers of the deposited material. It also means, that local temperature extreme peaks are also 
neglected, as well as realistic elliptic shape of the laser profile is simplified as point heat source. Recent studies show that 
this approach can be used without a critical loss in accuracy [19, 20]. Further development of the concept for computational 
cost reduction is eigenstrain analysis [21], which provides a more approximate solution with less modeling and simulation 
time than thermal-stress analysis. It adopts a single stress analysis with predefined eigenstrains that represent the inelastic 
deformation induced by the processes, applied to each element upon activation. This method simplifies the problem 
definition by eliminating the need to specify detailed processing conditions.  
In this study, we propose a simple method to estimate residual stress in steel cylindrical bars produced by laser powder bed 
fusion (LPBF). The basic idea involves making a partial longitudinal cut in the bar using electrical discharge machining 
(EDM) after its production. This procedure causes the double cantilever formed as a result to deviate from its original closed 
position. By measuring this deflection, we can apply equilibrium equations to assess the contribution of residual stresses to 
the equivalent bending moment. Although similar mechanical methods for analyzing residual stresses are well-established, 
our study introduces a distribution form for residual stress specifically for LPBF samples, supported by numerical analysis. 
This method allows estimate residual stresses in the laboratory without the need for special equipment. We consider a 
cylindrical shape since it is commonly used in mechanical testing, and understanding residual stresses in as-built conditions 
is crucial. Furthermore, while it is possible to extend the proposed method to other shapes, the axisymmetric geometry 
facilitates analysis and avoids the mathematical singularity found in the corners of rectangular bodies [22].  
  
 
EXPERIMENTAL ANALYSIS 
 
Samples preparation  

he 316L stainless steel samples were produced using the 3D metal printer TruPrint 1000 (Trumpf) with the settings 
presented in previous studies [23]. The major parameters of the process are shown in Tab. 1. The powder of 316L 
stainless steel (Oerlikon, Freienbach, Switzerland) was used for the production of all specimens. The parts 

manufactured were assessed for relative porosity using an Axio Scope.A1 optical microscope (Carl Zeiss, Jena, Germany), 
following ASTM E1245 standard. The analysis revealed a porosity of not more than 0.1%. 
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LPBF Parameter Value 

Laser power  113 W 

Laser spot diameter  55 µm 

Hatch spacing  80 µm 

Layer thickness  20 µm 

Laser scan speed  700 mm/s 

Gas speed (Ar)  2.5 m/s 

Oxygen level  <0.3 at. % 

Pressure in chamber  1 bar 
 

Table 1: Process parameters for LPBF 
 
Mechanical properties  
Tensile stress-strain curves, obtained based on ISO 6892-1 standard for vertically-build samples, are presented in Fig. 1. The 
experiment was carried out on an Instron 5969 machine, operating at a quasi-static loading rate of 0.001 s−1. Strain 
measurements were carried out utilizing the virtual extensometer method, implemented through a digital image correlation 
system (Correlated Solutions, Irmo, SC, USA). The measurements were based on a gauge length of 36 mm. It is notable 
that a moderate degree of anisotropy is typical for the LPBF steel [24-26]. In particular, some studies discuss a difference in 
elastic response depending on loading direction with the emphasis to Young’s modulus reduction in vertical direction [27]. 
The nature of such difference is not fully understood, since different explanations found in literature and concern specific 
texture and residual stresses [28, 29]. In this study, following [30], we assume that the reduction of the Young's modulus in 
vertically-built samples is misrepresented due to the very high residual stresses. Therefore, the use of a Young's modulus of 
196 GPa, obtained from testing horizontally-built samples with lower residual stresses, is more appropriate for LPBF 
simulation and aligns with the modulus of conventional steel. The stress-strain curves in the build direction, obtained 
experimentally in [30], are shown in Fig. 1. The properties used in modeling are summarized in Tab. 2.  

 

 
 

Figure 1: Tensile stress-strain curves. 
 
 

Young’s modulus, GPa  Yield stress, MPa  Ultimate stress, MPa  Elongation at break, % 

196  528  612  39 

 

Table 2: Tensile properties of LPBF 316L steel 
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Sample cutting experiment 
As an experimental part of the method, we prepared four 80-mm long samples for each of three diameters: 6 mm, 8 mm, 
and 10 mm. After manufacturing, the samples were initially sectioned from the build plate, and subsequently, a wire EDM 
cut was performed from bottom to top according to the build position (Fig. 2). The cut was performed using an Accutom-
100 machine equipped with a cooling water system. The length of the cut is 74 mm. The distance between the ends of the 
resulting cantilevers was measured. Therefore, the deflection is half of this distance, adjusted for the thickness of the material 
removed due to machining. The thickness of the material, removed by wire EDM, is approximately 0.4 mm.  

 

 
 

Figure 2: Cylindrical samples of 6 mm, 8 mm and 10 mm after longitudinal cut. 
 
 
NUMERICAL SIMULATION 
 
General concept 

 well-established approach for predicting residual stresses is based on thermomechanical simulations using the 
FEM. This approach is extensively presented in the literature for different methods of metal processing, such as 
welding [31, 32] and shock peening [33]. A model for the LPBF process involves solving heat transfer problems 

for elements that are sequentially activated according to the part-building strategy, under conditions of laser scanning, heat 
convection, and re-radiation. The mechanical analysis involves simulating the thermal expansion and shrinkage of the 
activated elements following the temperature history. While some studies have aimed to capture microstructural features 
[34], the commonly FEM-based approach typically neglects many aspects of the LPBF process such as phase 
transformations, melt pool, and microstructural evolution. Additionally, it is impossible to represent every layer deposition 
since meshing on such small scale leads to an unacceptable computational cost. For this reason, a dump-block approach is 
commonly used, in which one element corresponds to tens of physical layers [35, 36]. A detailed analysis of this 
simplification and the influence of different parameters is discussed in [20].  
Using the dump-block approach for a part of simple geometry, such as a cylindrical bar, it is also possible to avoid a direct 
simulation of thermal conductivity during part manufacturing. Indeed, the local peak temperature after laser spot passage 
drops rapidly up to some temperature Tf by the moment of powder deposition for the next layer. Following this idea, we 
can assume that every layer is activated at some activation temperature Tsf and cools down up to Tf, inducing residual stress 
due to the shrinkage. The final temperature Tf can be measured during the part build process, or simply assumed to be 
uniform and equal to the temperature of the build plate. The temperature Tsf has no clear physical meaning, but it strongly 
affects the solution and can be calibrated experimentally. The described assumptions are also similar to the eigenstrains 
concept, in which blocks of elements are activated with some predefined strains.  
For the modeling of part production, following [30] we assume that at every step of the analysis, the entire 0.4 mm - thick 
layer appears at activation temperature Tsf=800 °C and cools down up to the build plate temperature Tf=80 °C. The analysis 
was performed using Abaqus commercial software [37]. The mesh is represented by solid C3D8R elements with an average 
side length of 0.4 mm, with the number of elements varies from 44,000 for the bar of diameter 6 mm to 127,000 elements 
for the 10 mm diameter. In the model, the bottommost layer of vertically-oriented bar has fixed boundary conditions to 
simulate adjustment to the build plate. Upon completion of the build process simulation, we proceed to model the separation 
of the part from the build plate. This model first involves the removal of the bottom layer of elements, followed by the 
removal of a thin layer of elements along the diameter, in accordance with the experimental procedure for cutting in the 
longitudinal direction. 
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As the boundary conditions were originally set on the bottom elements, which are then suggested for removal, we change 
the fixed condition to the opposite end of the sample. Consequently, the resulting structure can be viewed as a cantilever. 
Next, a partial longitudinal cut is performed from the free end of the cantilever, causing the newly obtained double cantilever 
to deviate from its closed position. This cut was performed from bottom to top of the sample. The removal of elements 
corresponds to assigning them zero stiffness and yield stress; thus, the resulting 'dead' elements do not transfer any load. 
The model does not account for damage. Despite the procedure's dependency on the sequence of element removal, it does 
not introduce significant errors to the stresses noticeably far from the cutting zone.  
 
Constitutive behavior 
A complete, closed-form set of governing equations intended for numerical implementation in FEA algorithms is 
cumbersome. It has been presented in many studies, for example, [19, 20]. However, the subsequent equations give the 
understanding of constitutive modeling: 

 
( )th T T              (1, a) 

 

el pl th                (1, b) 
 

( ) : elC T             (1, c) 
 

0
2

( ,  )
3yield ij ij eqf S S T            (1, d) 

 
where ( )T  is a thermal expansion coefficient, the total strain tensor   is a sum of elastic ( el ), plastic ( pl ) and thermal 

( th ) strains, ( )C T  is temperature-dependent elastic stiffness tensor, ijS  is a stress deviator, and 0( ,  )eq T   defines 

temperature-dependent yield conditions, eq  is equivalent plastic strain. A classic plasticity with isotropic hardening is used.  

The temperature-dependent plasticity behavior of the material is desirable to take into account to increase the accuracy. Due 
to limitations in temperature-dependent test data, a common approach to implement this is by scaling hardening curves 
according to temperature [12]. However, the secondary-order importance of temperature-dependent behavior is reported 
in [38]. Moreover, even the selection of temperature-dependent hardening curves requires calibration to fit experimental 
data, as demonstrated in [20]. In summary, hardening under normal thermal conditions is used, as it is calibrated by selecting 
Tsf to induce part deflection that aligns with experimental results.  
 
LPBF simulation results 
The residual stress distribution in prismatic parts in as-built conditions has been discussed in several experimental studies 
[10, 12, 39]. These studies concluded that the interior is under high compressive stress, balanced by tensile stress near the 
outer surface. Furthermore, the stress level is considered to be close to yield conditions. To illustrate this result, the 
axisymmetric distribution of z  (along the cylinder), obtained by the numerical modeling described in the previous section, 
is shown for a 10-mm diameter bar in Fig. 3 (a). The deflection of two cantilevers after the final cut with respect to the build 
direction and boundary conditions is shown in Fig. 3 (b). This represents the final state of the structure, which is in 
equilibrium with the residual stresses after all stages of modeling. It should be noted that fixed top surface is far from the 
cut tip and doesn’t affect the deflection. For the analytical method proposed in this study, it is also important to understand 
the effect of plastic deformations after the cut. As shown in Fig. 3 (c), the equivalent plastic strain for the entire process 
(build and cut) does not exceed 3%, which leads us to assume that yield does not occur during cutting. 
The stress components in cylindrical coordinates  z z,  ,  r     ,  zp 1/ 3 r        and equivalent von Mises 

stress 0  along the 5-mm long radius are presented in Fig. 4. From the plots one can observe, that the absolute value of 

z  in the center of the bar is excess 0  due to the effect of hydrostatic stress. In other words, z  above the yield stress 
are possible within the assumptions of the present model.  
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Figure 3: (a) Cross-section displaying axial stress in a 5 mm radius bar prior to the cut, (b) deflection of the double cantilever after cut, 
and (c) equivalent plastic strain after cut. 
 
 

 
 

Figure 4: Stress characteristics along the 5-mm radius of the bar. 
 
Comparison of FEM-predicted deflection with experiment 
The distance between the halves of the bar after cut (measured as average distance between corners of the obtained 
cantilevers) is presented in Tab. 3 and compared with predicted value using the model. In the model the nodes for 
distance measurements are taken at the distance 0.2 mm from the cutting plane (so initially they located at 0.4 mm from 
each other, what corresponds to the thickness of removed material). 
 

 Max. distance between halves of the bar after cut, mm 

 D=6 mm D=8 mm D=10 mm 

Test #1 10.65 7.63 5.84 

Test #2 10.67 7.50 6.03 

Test #3 9.98 7.58 6.19 

Test #4 10.25 7.20 6.14 

Mean 10.39 7.48 6.17 

Prediction 10.61 8.10 5.97 
 

Table 3: Comparison of experimentally measured deflections with model prediction for the bars of different diameters. 
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CALCULATIONS BASED ON CANTILEVER DEFLECTION 
 

n the proposed method, we find the distribution of the axial component of residual stress z  ( z is also referred as 
the normal stress in cross-section). It is assumed that the stress distribution is the same for all cross-sections along 
the bar axis. The form of dependency for z  on the cylinder's radius r, prior to cutting, can be postulated 
parametrically based on stresses obtained in the numerical simulation. After longitudinally cutting the bar, the halves 

deflect and we treat each half as a cantilever beam under pure bending conditions, with an equivalent moment M at the 
support. The moment M can be found assuming pure bending with simplifications of the classical Euler-Bernoulli beam 
theory. an equation of deflected beam after cut reads as follows: 
 

2

2 SEJ
M

L


            (2) 

 
where   is a deflection of one cantilever, E is Young’s modulus, SJ is a second moment of inertia with respect to neutral 

axis where z 0  , and L  is a length of the beam (is equal to the length of the cut).  

The only unknown parameter in (2) is a SJ . To determine it, note that the cross-section of the cantilever is not an exact 
half-circle due to the additional extraction of a material layer of thickness h during the EDM process, as shown in Fig. 5. 
Similarly, the deflection  for the (2) is selected as a half of mean value from Tab. 3, corrected to the -h/2 term.  
 

 
 

Figure 5: Notations for calculation over half circle. 
 
Using the notations for the cross-section in Fig. 5, the neutral axis location at distance d can be found from the equation on 
first moment of inertia:  
 

  1/22 2

h

2 y d y y 0
R

fJ R d            (3) 

 
The second moment of inertia can be calculated using the following formula, once d is obtained from the Eqn. (3): 
 

   1/22 2 2

h

2 y d y y
R

SJ R d            (4) 

 
On the other hand, the equilibrium equations for forces and moment are valid for the half of the bar before the cut:  

 

z 0,
S

             (5, a) 

 

1

zy ,
S

M             (5, b) 

I 
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where the axial stress z  is integrated over an exact half-circle S for the force equation, and over the reduced area 1S  to the 
h-height slice to match bending moment M, since it is calculated based on the reduced part. In this study due to the axial 
symmetry of the problem, so z  depends only on radius:  z z r  . 

It is convenient to rewrite Eqns. (5) in cylindrical coordinates as follows: 
 

 z
0 0

0,
R

r rdrd


              (6, a) 

 

   
0

0

R

z
h/sin

sin ,r r d rdrd M
 

 

  


            (6, b) 

 
so that integration limits in (6, b) allow to extract the contribution from the removed slice according to Fig. 5.  
Now the following trial forms for the stress distribution can be considered: 

 

z( ) ;r ar b               (7, a) 

 
2

z( ) ;r ar b               (7, b) 

 

z 0( )r    for 0r R , z( )r ar b    for 0 ;R r R        (7, c) 

 

z 0( )r    for 0r R , z( )r ar b    for 0 1R r R  , z 0( )r   for 1R r R  .    (7, d) 
 
The first two relations (6, a) and (6, b) implement assumption of linear and parabolic approximation of stress variation along 
the radius without considering plasticity. The relations (6, c) and (6, d) take into account the presence of plastic conditions. 
However, for the relation (6, c) it is assumed, that yielding occurs only in central region. Therefore, z 0( )r    holds up 

to a certain radius 0R , and beyond it, the linear relation is satisfied. For the last assumption (6, d), the compressive yield 

condition z 0( )r    occurs in the central region 0r R . In contrast, in the outer region where 0R r R  , the plastic 

criterion on tension z 0( )r   holds (equal tensile and compressive yield stress is assumed). For plasticity consideration, 

we also assume perfect plasticity with 0 600   MPa, corresponding approximately to the plateau stress in Fig. 1. The 
transition region between zones of plasticity is constructed linearly.  
With the proposed forms for stress dependency, one can substitute them and solve Eqn. (6) to find two unknown 
parameters. Indeed, since only two equilibrium equations were formulated, two-parametric forms for z( )r  were proposed. 
However, the number of parameters can be increased at the expense of additional experimental data. For instance, one can 
consider additional tests for beam bending [40], or some technique for measuring on-surface residual stress. 
 
 
DISCUSSION 
 

y substituting the mean experimental deflections of samples with diameters D=6 mm, D=8 mm and D=10 mm 
into Eqn. (2), one can calculate the equivalent bending moment M in every case. Note once again that δ is half of 
the mean value presented in Tab. 3, minus half thickness of the machined slice. With M known, Eqns. 6 are solved 

to find a relation for z( )r  in each sample. In Figs. 6-8, we compare the calculated z( )r  along the radius using the 
proposed method with residual stress distribution obtained by the FE analysis.  
The linear assumption (7, a) gives an unacceptable z( )r  prediction near the center for all diameters but predicts well at 
the outer radius for samples of all diameters. The parabolic relation (7, b) still overestimates value at the center and the 
agreement with the FEM prediction is much better. Both relations (7, a) and (7, b) have a shortcoming due to their neglect 
of plasticity, while yield stress is observed in the simulation.  
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The relations (7, c) and (7, d), where plasticity is considered, are referred as one-side and two-side plastic, following to the 
number of end “caps” with the plastic zones. A significant difference between (7, c) and (7, d) is observed for the samples 
with D=6 mm and D=8 mm, while for D=10 mm the calculated stress is rather similar. The agreement of (7, d) with the 
FEM underscores the importance of considering plasticity for the cases with high residual stresses. As can be observed, the 
two-sided plastic assumptions of (7, d) provide the best fit for the reference result. 
 

 
 

Figure 6: Application of relations (7) for  z r  prediction in samples of 6 mm diameter: comparison with FEM-based prediction. 

 

 
Figure 7: Application of relations (7) for  z r  prediction in samples of 8 mm diameter: comparison with FEM-based prediction. 

 

 
Figure 8: Application of relations (7) for  z r  prediction in samples of 10 mm diameter: comparison with FEM-based prediction. 
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While (7, a) and (7, b) give overestimation of z( )r  in the presented cases, they might be beneficial to use it for samples 

with lower residual stresses. For instance, neglecting the thickness of removed layer h, it is possible to represent sJ  for (2) 
as follows: 
 

 4 29 64

72S

R
J






           (8) 

 
Now it is possible to solve Eqn. (6) and find  ,  ba  pair in explicit form: 

 

   2 2

2 2

9 64 9 64
,  b

2 3

E E
a

L L

   

 

          
  

 for (7, a)      (9, a) 

 

   2 2

2 2

5 9 64 5 9 64
,  b

12 24

E E
a

L L

   

 

          
  

 for (7, b)      (9, b) 

 
Using formulae (9), one can instantly obtain the residual stress distribution assuming a linear and quadratic distribution. For 
practical applications, once the experiment is performed, the expression (9, b) is recommended as first choice, due to the 
more realistic stress distribution, consistent with experimental studies. If the result exceeds the yield limit, an analysis based 
on the assumption of perfect plasticity can be used. Indeed, understanding high residual stresses close to yield stress is useful 
in itself and helps in making decisions about heat treatment or changing the build strategy. The subsequent consideration 
with the presence of plasticity allows for better understanding of potential stress distribution configurations. 
For the limits of the plastic caps, an approximate value of 0 =600 MPa was applied, so the analysis of the sensitivity to 0  

is demonstrated in Fig. 9 considering different diameters. As can be seen, a variation of 0  between 560-700 MPa leads to 

a significant change in the stress transition zone between compression and tension. Furthermore, a decrease in 0  leads to 
an incompatible stress distribution since intermediate line tends to a vertical one. Specifically, the solution for (7, d) does 
not exist for the case of diameter D=6 mm with 0 =560 MPa. In contrast, if we increase 0 , the solution tends to one-
side plastic zone (7, c).  
 

 
Figure 9:  Influence of yield stress 0  on  z r  using the assumptions of two-side plasticity for stress distribution within samples of 

different diameters. A unique color is selected for each diameter. 
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CONCLUSIONS 
 

his paper proposes an effective method for estimation of residual stress in 316L stainless steel LPBF cylindrical 
samples without using specific equipment. The experimental component involves preparing a cut along the bar and 
measuring the cantilever deviations. We consider only the form for the axial stress component z( )r  as it plays a 

dominant role compared to other stress components. The method is verified using FEM as a reference for residual stress 
distribution within bars of diameters 6 mm, 8 mm, and 10 mm in as-built conditions. Results calculated using the proposed 
method align well with FEM, if plastic conditions are included in the assumed relation for z( )r . However, linear and 

parabolic forms for z( )r  are useful for the cases with moderate residual stresses or for examining if yield occurs. The 
method's accuracy can be enhanced with additional experimental data, which would allow for the examination of 
dependency driven by more than two parameters. For example, it is possible to measure the residual stress on the outer 
surface using X-ray diffraction, which provides a known point for stress approximation. 
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