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INTRODUCTION 
 

dditive manufacturing (AM) is a powerful technique in digital-manufacturing objects from three-dimensional (3D) 
models by depositing materials layer by layer. Complex structures that are difficult to be produced through 
traditional manufacturing processes can be easily fabricated by AM processes [1-5].  

The selective laser melting (SLM) is a widely used additive manufacturing (AM) process for producing metallic components, 
particularly when utilizing powder-based materials. Its versatility has garnered attention from various industries, including 
biomedical and aerospace sectors. Ti6Al4V, a titanium alloy, is particularly popular for the SLM process due to its 
exceptional properties, such as high strength-to-weight ratio, low density, high fracture toughness, excellent corrosion 
resistance, and remarkable biocompatibility. These characteristics make Ti6Al4V ideal for manufacturing final parts through 
the SLM process [6-10]. 
The study of fracture behavior in additively manufactured components is a common topic among scientists due to the 
complex stress and damage exposure these components endure. Numerous researchers have dedicated their efforts to 
investigate and evaluate the fracture behavior of additively manufactured components, employing a combination of 
computational modeling and experimental analysis. In these studies, micromechanical models have been developed to 
capture the intricate nature of ductile fracture, considering  processes such as micro-void nucleation, growth, and 
coalescence [11]. However, the findings from these investigations have often yielded varying results, highlighting the 
complexity of the fracture behavior in additively manufactured components and the need for further research and analysis 
[12-16]. In micromechanical modeling, Gurson [17] developed a significant contribution by introducing a model that 
predicts material behavior based on the growth of spherical cavities. Then, Tvergaard and Needleman [18] made further 
advancements by modifying the Gurson model to incorporate void coalescence and a constitutive model via the dependence 
of the yield function on the void volume fraction (GTN modified model). Alexander et al. [19] studied the fracture behavior 
of SLM additively manufactured Ti-6AL-4V alloy in an experimental and computational modeling investigation and 
observed that combined triaxiality and lode angle parameters have more accuracy in contrast to no stress state-dependence.  
To enhance the precision of fracture property prediction using the GTN fracture model, calibration of certain coefficients 
is essential, typically through experimental testing. However, this calibration process can be time-consuming and requires 
specialized equipment, often involving a trial-and-error approach [20, 21]. The (ANN) models have emerged as powerful 
tools for information processing, learning, and problem-solving in this context [22, 23]. ANN models possess the capability 
to predict network boundaries and identify complex relationships among various parameters. By leveraging the strengths of 
ANN models, the process can be refined and fine-tuned, ultimately leading to improved efficiency, reduced defects, and 
enhanced quality in digital fabrication [24-29].  
Numerous scientists have recognized the potential of the ANN models in AM to save time and streamline the optimization 
of process parameters. By training an ANN model, researchers can leverage its computational power to efficiently explore 
and identify optimal machine settings for the fabrication process [7, 29]. Wang et al. [30] observed that ANN serve as 
effective assistants in optimizing process parameters and defect monitoring. Their research demonstrated the capability of 
ANN models to analyze complex relationships and provide valuable insights for process optimization and defect detection.  
In another related study, Chinchanikar et al. [31] utilized ANN to predict the surface roughness of parts manufactured using 
fused deposition modeling (FDM) based on process parameters. They employed machine learning algorithms to model the 
ANN and evaluated its prediction accuracy. Their findings indicated that ANN models with two hidden layers consisting 
of 150 neurons performed better in prediction accuracy than models with a single hidden layer containing 250 neurons. 
Mehrpouya et al. [32] conducted two studies using ANN to investigate the effect of process parameters on various aspects 
of AM, such as mechanical properties, density, and temperature transformation. They developed a prediction model using 
ANN to optimize the manufacturing parameters for NiTi alloy. In the study conducted by Kowen et al. [23], the focus was 
on assessing the quality of printed parts in the SLM process. They employed the ANN to investigate the relationship between 
laser power and its impact on forming of cracks and pores in the printed parts. The ANN model was utilized to analyze the 
complex interactions between laser power and the occurrence of defects, providing insights into optimizing the SLM process 
to minimize crack and pore formation. Also, Stathatos et al [16] employed ANN in a laser-based AM process. Their objective 
was to predict the temperature evolution and density of the fabricated parts. The ANN model was trained using data 
collected during the AM process, allowing for accurate predictions of temperature profiles and density variations throughout 
the fabrication process. Jimenez [33] utilized ANN to analysis of fatigue life in nodular cast iron. By incorporating synthetic 
data as complementary input data, the ANN model was able to effectively enhance its forecasting capabilities. This approach 
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enabled more accurate predictions of nodular cast iron fatigue life, contributing to improved understanding and optimization 
of the material's performance applications [34].  
This study investigates the influence of the number of neurons and hidden layers on the accuracy of forecasting parameters 
in the GTN fracture model using ANNs. The research focuses on predicting the complex relationships between input and 
output data within the GTN fracture model for SLM-fabricated parts made of Ti6Al4V alloy. By training the ANN with 
various configurations of hidden layers and neurons, the study investigates how these architectural choices impact the 
accuracy of parameter forecasting in the GTN fracture model. This analysis provides valuable insights into the optimal setup 
for achieving precise predictions of fracture behavior in SLM-fabricated Ti6Al4V alloy components.  Fig. 1 illustrates the 
methodology employed in this study.  Moreover, the relative importance of each input variable was determined by analyzing 
the calibrated connection weights. This analysis involved assessing the contribution of each input variable by considering 
their respective connection weights within the neural network. By examining these calibrated connection weights, we could 
evaluate and quantify each input variable's relative importance in influencing the neural network's output or behavior.  
 

 
 

Figure 1: The graphical representation of the methodology. 
 
 
SPECIMENS PREPARATION 
 

n this study, Ti-6Al-4V alloy specimens were fabricated using the SLM additive manufacturing process, following the 
guidelines specified in the ASTM F2924 standard [35]. The Ti-6Al-4V alloy specimens utilized in the experimental 
investigation were fabricated using the NOURA.CO M100p machine. The chemical compositions of the Ti-6Al-4V 

Powder, as outlined in Tab. 1, were employed for this purpose. The specific parameters and settings used during the 
manufacturing process are provided in Tab. 2. Also, tensile specimens were prepared by applying black dots to white-painted 
surfaces for digital image correlation (DIC) Method. By this method the first image is utilized as a reference for the zero-
load condition, and a defined area of interest is used to calculate strain, primarily in the vertical direction. This thorough 
procedure allows for the assessment of material deformation and strain behavior during tensile testing[36]. 
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The specimens were subjected to a heat treatment process conducted in an Argon environment for 3 hours at a temperature 
of 650 ℃. Fig. 2 illustrates the printed specimens obtained through the SLM process. 
 

Element Al V Fe C H O N Ti 

Wt (%) 5.5 ˜ 6.75 3.5 ˜4.5 < 0.30 < 0.08 < 0.015 <0.20 <0.05 rest 
 

Table 1: The chemical compositions of the Ti-6Al-4V powder. 
 
 

Parameters Value 

Laser power (W) 280 

Scanning speed (mm/s) 800 

Hatch spacing (μm) 140 

Layer height (μm) 60 
 

Table 2: Process parameters for fabrication of the specimens. 
 

 

 

 

 
Figure 2: Uniaxial test specimen and prepared specimen for digital image correlation (DIC). 

 
 

TENSION TEST 
 

o assess the mechanical properties of SLM-printed Ti-6Al-4V alloy components, we conducted tensile tests using 
the SANTAM STM150 testing machine. The tests were conducted with a loading speed of approximately 0.3 
mm/min [37], as shown in Fig. 3. These tests aimed to evaluate the material's response to uniaxial tension and 

extract its mechanical properties [28, 38, 39]. Also, images of tensile test for the specimens were acquired at 5-second 
intervals using a high-resolution camera throughout the test. The strain magnitude was determined using a DIC system. The 
Ncorr function [36], which is a component of the MATLAB software [40], was employed for the purpose of image analysis. 
Tab. 3 presents the mechanical properties of the additive-manufactured Ti-6Al-4V alloys obtained from the uniaxial tension 
tests. These properties provide valuable information about the material's elastic and plastic behavior under applied stress. 
The experimental results for maximum force and fracture displacement are 5768.3 N and 0.40 mm, respectively. The Voce 
hardening law was employed to describe the material's hardening behavior. The Voce hardening law is a mathematical model 
that characterizes the material's strengthening response as a function of plastic strain. By considering the Voce hardening 
law, the researchers aimed to accurately capture the material's hardening behavior during deformation [41]. 
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where A, B, m, and  0  are Voce hardening law coefficients. 

 
Property Value 

Density (kg/m3) 4800 

Young's modulus (MPa) 105000 

Poisson's ratio 0.342 

Initial yield stress (MPa) 920 

UTS (MPa) 987 

A 985 

B -30 

m 302 

0 ε  0.009 
 

Table 3: Mechanical properties of Ti–6Al–4V AM sheets. 
 

 

 
 

Figure 3: Machine setup for the tensile test [42]. 
 
 
FINITE ELEMENT SIMULATION 
 

his study utilizes the VUMAT user subroutine in FE commercial software Abaqus to conduct finite element 
simulations and MATLAB software to calibrate GTN fracture model [22, 43, 44].  To facilitate this process, a Python 
[45] script within Abaqus developed and linked with MATLAB software to develop ANN [40].  

Fig. 4 shows eight-node solid elements with reduced integration (C3D8R) are chosen for the finite element simulation 
model. These elements are suitable for accurately representing the structural response and capturing the relevant material 
behavior. A local element size of 0.2 mm is chosen specifically in the critical necking area where crack initiation is likely to  
occur to ensure an accurate examination of deformation outcomes[46]. This reduced element size enables a comprehensive 
analysis of the deformation characteristics within this particular region. The total number of elements in the model is 49,400, 
while the number of nodes is 61,074. 
The GTN fracture model, initially proposed by Gurson and subsequently modified by Tvergaard and Needleman, has been 
widely utilized in the field of ductile and plasticity mechanics for characterizing the fracture behavior and damage 
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progression of metallic materials [17, 41, 47, 48]. However, the GTN model has limitations in accurately capturing void 
shear failure under low and negative-stress triaxiality conditions. To address this limitation, Nashon and Hutchison proposed 
enhancing the GTN fracture model by incorporating coefficients for void coalescence, nucleation, and shear damage. These 
modifications improve the model's capability to accurately represent the fracture behavior of metallic materials, particularly 
in scenarios involving low and negative-stress triaxiality. The modified GTN fracture model by Nashon and Hutchison 
provides researchers with a more comprehensive tool for analyzing and predicting the response of materials under complex 
loading conditions, thereby facilitating improved understanding and design of structures and components in diverse 
engineering applications[49]. 
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Figure 4: Finite element simulation model uniaxial test.  

 
In Nahshon and Hutchinson's shear damage equations, y is the yield stress, q is the Von Misses equivalent stress, p is the 

hydrostatic pressure, f * is the effective void volume fraction, and q1 to q3 are constants and dependent on the material's 
properties[49]: 
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where k  is introduced as a new material parameter for the void nucleation rate of damage in pure shear conditions,  σ  

is the stress- function used by Nahshon and Hutchinson, S is the deviatoric stress tensor and p  plastic strain rate tensor, 
 cf is the critical volume fraction of voids and 𝑓𝑓 is the volume fraction of the void at the fractured moment This function 

is between the zero and one value, which for the axial stress state is zero and for the shear stress condition is one. Also, the 
˙
 f is rate of change in the voids volume fraction, gf  is the void growth, nf  is the nucleation rate, and sf  is the shear rate 

of the voids.  
The VUMAT subroutine is implemented to utilize the modified GTN damage behavior of the material in Abaqus 
software. In this process stress tensor and internal state variables must be updated in the end of each increment If plastic 
state occurs the plastic corrections must be calculated. The corrections for ∆εp (volumetric plastic strain increment) and 
∆εq (deviatoric plastic strain increment) are calculated using the Newton-Raphson iteration method. This iterative process 
helps refine the values of cp and cq, which are the corrections required for updating the internal variables. By iteratively 
adjusting these corrections, the algorithm achieves an accurate and reliable update of the stress tensor and internal state 
variables. The pseudo-code algorithm for developing the user subroutine is provided in Tab. 4 [38]. 
 

Initiate the stress tensor and internal variables at t ��0 time. 

Calculate elastic predictor  t t t t t t, ,T T Tp q     : 

t :T e  σ σ C ε  ;    
1

:
3

T Tp   σ I  ;    
3
  :   

2
T T Tq  s s (9-11) 

Calculate the value of the yield function: 

   2 t tt
Φ( , , ,   ,  )T T p

m sF p q f D   (12) 

IF 2 0F   then 

      k=0 
      While |F1|> tolerance or |F2|> tolerance do 

            Calculate the corrections pc  and qc  to update the p  and q  values: 
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             k = k + 1 
      End while 

      Update the stresses and state variables    t t t t t tt t
   ,  ,   , p

m sf D   
: 

    1

t t t t

k
s sD D


 

 ;        1

t t t t

kp p
m m 



 
 ;    1

t t t t    kf f 
  ;    

1 1
t t t t t t

2

3
k kp q  

   I n    (18-21) 

Else 

   1

t t t

kp p
m m 




 ;    1

t t t
kf f
  ;       1

t t t

k
s sD D




 ;    t t
T

 σ σ   (22-25) 

End if 
 

 

Table 4: Pseudo-code for implementation of the plasticity and damage modelling. 
 
Tab. 5 presents the impact of nine variations of the modified GTN parameters on the maximum force and fracture 
displacement, as determined through finite element (FE) simulations using 36 samples. These variations of the GTN 
parameters were used as input data for the ANN modeling. The nine parameters, which are part of the constitutive equation 
of the modified GTN model, were incorporated into the ANN algorithm to predict the maximum force and fracture 
displacement. By analyzing the relationship between these modified GTN parameters and the mechanical response of the 
samples obtained from FE simulations, the ANN model offers a valuable tool for accurately predicting the maximum force 
and fracture displacement in the context of the modified GTN model. This information can be crucial for understanding 
the fracture behavior of materials and optimizing their performance in various engineering applications. These parameters 
include constitutive parameter (q1, q2), initial void volume fraction (f0), critical void volume fraction (fc), void volume 
fraction at failure (ff), the void volume fraction of nucleated voids (Fn), the standard deviation of the distribution (Sn), and 
the mean value of the nucleation strain (En), and shear coefficient (kW). 
 

 Inputs Outputs 

NO q 1 q 2 f 0 f c f f S n f n E n K w Fmax FD 

1 1 0.75 0 0.005 0.01 0.1 0.01 0.1 0 5796.624 0.656477 

2 1.5 0.75 0 0.005 0.01 0.1 0.01 0.1 0 5795.857 0.646894 

3 1 1 0 0.005 0.01 0.1 0.01 0.1 0 5796.553 0.650822 

……. 

34 1 0.932651 0.004269 0.005 0.019845 0.138969 0.059868 0.140231 18.87184 5735.889 0.366438 

35 1 0.896648 0.004499 0.005 0.051262 0.134238 0.046769 0.176476 22.52134 5756.132 0.424102 

36 1 0.918501 0.004384 0.005 0.026097 0.1336 0.039757 0.166472 12.12199 5763.917 0.444408 
 

Table 5: The modified GTN parameter, maximum force, and fracture displacement data train ANN. 
 

 
ANN MODELLING 
 

n ANN is a computational model composed of interconnected artificial neurons trained on input data to perform 
a specific task. In this study, the ANN is utilized as an efficient tool for network classification by combining multiple 
hidden layers and a training function. The Levenberg-Marquardt [50] algorithm is used to train the ANN, which 

involves computing the outputs of the neurons and applying an activation function to the summation of input data and 
neuron weights. The hidden layer neurons use the hyperbolic tangent activation function, while the output layer neurons 
use the linear activation function. The sample data is randomly split into three sections, with 70% used for training, 15% 
for testing, and 15% for validation. The ANN design consists of N-layer networks with 1 to 3 hidden layers and variable 
neurons ranging from 1 to 22. Each hidden layer is evaluated independently, and multiple training sets are tested for each 
set of neurons to obtain the best-predicted model. This process is repeated for each hidden layer to determine the optimal 
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configuration for the ANN. It is important to note that different training data sets can affect the accuracy of the net and 
the resulting predictions, so multiple sets are trained to ensure the best possible results. 
 The R-squared correlation (R2) parameter is calculated to evaluate the neural network's performance and results. A higher 
value of R2 indicates a more accurate prediction by the network, with a value closer to 1 being desirable. In this study, the 
nine GTN parameters are selected as input parameters to capture the complex effects of these parameters on the fracture  
behavior of materials. The neural network is trained to predict the maximum force (Fmax) and fracture displacement (FD), 
which serve as the output parameters. These predicted values are then compared to experimental results to verify the 
accuracy of the neural network's predictions. By using these input and output parameters, the neural network aims to provide 
an effective tool for understanding and predicting the fracture behavior of materials. 
 

 
Figure 5: Designed N-layer network [42]. 

 
The relative influence of each variable is determined by evaluating the calibrated connection weights using the Connection 
Weights (CW) methodology. In this investigation, other commonly used methods like the Garson algorithm, which have 
been found to be less effective, are not considered. Each parameter's Relative Importance (RI) can be analyzed by examining 
the obtained connection weights in the neural network [51]. 
The CW algorithm utilizes the sum of products for all weights connecting the input and hidden neurons, as well as the 
weights between the hidden layer and output neurons. By calculating these connection weights, we can assess the relative 
importance of each parameter in influencing the neural network's output. 

 
 

1 1 2                       
nI In n n n oRI w w w                                                                                               (26)                    

 
The relative importance (RI) of an input variable, represented as "I", is determined by summing the products of the 
corresponding weights (w) connecting the input layer neurons (I) with the hidden layer neurons (n) and the hidden layer 
neurons with the output neurons (o). In other words, the RI is calculated by multiplying the weights along the pathways 
from the input layer to the output layer and summing these products. This process allows us to assess the relative importance 
of the input variable I in influencing the output of the neural network. 
 
 
MICROSTRUCTURE 
 

ig. 6 shows the microstructures of Ti6Al4V sample manufactured by the SLM process. The samples were prepared 
using standard metallurgical processes for microstructural analysis. The samples were then polished using 0.05 μm 
colloidal silica and etched using Kroll’s reagent, which consisted of 2 vol% hydrofluoric acid and 3 vol% nitric acid F 
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in distilled water. It is found that prior-β grains have acicular α-laths; however, these prior-β grains are elongated and cross 
build layers.  
In addition, a scanning electron microscope (SEM) examination was carried out on the pieces in order to gain insight into 
the fracture surface. After that, the produced samples were inspected using a MIRA3 TESCAN optical microscope in order 
to capture pictures for a later examination at the grain level.  
Ductile fracture in the SLM of Ti6Al4V is shown by the finer ductile dimples at the tensile fracture surface. The specimen 
fracture surfaces, as seen by Fig. 7, displays fracture surfaces with smoother cup and cone characteristics and a large 
population of finer dimples. There is a great deal of friction between the fracture surfaces on top and below. Failure occurs 
without significant plastic deformation, resulting in smooth, curved conchoidal fracture surfaces dominated by the void 
shear mechanism. The presence of severe friction between upper and lower fracture surfaces further emphasizes the intricate 
interplay of mechanical factors. 
 

 
 

Figure 6: Micrographs of Ti-6Al-4V specimen manufactured by SLM process. 
 

 

      
 

Figure 7: A representative fracture surface of the specimen.  
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RESULTS AND DISCUSSION 
 

he effect of the number of neurons on the prediction accuracy of the relationship between parameters is investigated 
in this study. The neural network is trained using three different hidden layers, with each layer containing a varying 
number of neurons from 1 to 22. The results for two output parameters are shown in Figs. 8, 9, and 10, 

corresponding to each hidden layer . 
Based on the obtained results, it is observed that three hidden layers provide the most suitable and accurate prediction 
closest to the experimental test. It is also found that fewer neurons are sufficient for predicting the maximum force, 
indicating that there are simpler relationships among the parameters that lead to better results . 
However, it should be noted that while adding a hidden layer improves the accuracy of the predicted results, it does not 
necessarily imply that increasing the number of hidden layers will always yield better outcomes. In the case of predicting the 
maximum force, fewer neurons are needed to achieve accurate results. Therefore, the optimal number of hidden layers and 
neurons depends on the predicted output parameter and the complexity of the underlying relationships among the 
parameters. 
 

 
                                                        (a)                                                                                (b) 

 

Figure 8: (a) Fracture displacement (b) Maximum force one layer. 
 

 
 

Figure 9: Maximum force three-layers (First layer 4, second layer 17). 
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Figure 10:  Fracture displacement three-layers (First layer 16, second layer 14). 

 
Based on the results presented in Figs. 8-10, the best predictions for maximum force are achieved with a correlation 
coefficient (R2) of 0.99539 using one hidden layer with seven neurons, 0.99947 using two hidden layers with nineteen 
neurons in the first layer and six neurons in the second layer, and 0.999678 using three hidden layers with four neurons in 
the first layer, seventeen neurons in the second layer, and three neurons in the third layer. For fracture displacement 
prediction, the best results are obtained with R2 values of 0.98087 using nineteen neurons in one hidden layer, 0.99125 using 
two hidden layers with nine neurons in the first layer and twelve neurons in the second layer, and 0.995895 using three 
hidden layers with sixteen neurons in the first layer, fourteen neurons in the second layer, and twelve neurons in the third 
layer. Fig. 11 demonstrates that increasing the number of hidden layers leads to improved results and significantly increases 
the optimization time. Therefore, predicting the maximum force using fewer hidden layers is logical, considering the simpler 
relationships involved. On the other hand, due to the complexity of the relationships between GTN parameters and fracture 
displacement, employing more hidden layers yields better results and achieves a suitable R2 correlation Coefficient. 
 

 
Figure 11: Effect of the number of layers on R2 -value accuracy. 

 
The CW algorithm determined the relative importance of each input variable based on calibrated connection weights. In 
summary, the analysis presented in Fig. 12 reveals that the parameter (f0), representing the initial porosity of the material, 
has a dominant influence on fracture displacement. On the other hand, the parameter (q1) exhibits a lower influence on 
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fracture displacement. Moreover, the findings suggest that a three-layer ANN demonstrates a higher relative influence on 
general fracture displacement. It is important to note that the differences in the correlation between input and output 
parameters across various layers are attributed to the variations in the weights within each layer, which ultimately affect the     
prediction of results. However, the analysis indicates that three parameters, namely f0, Kw, and fc, have a dominant influence 
on the maximum force. Conversely, the parameters En and fn exhibit a lower influence on the maximum force. Additionally, 
the findings suggest that an ANN with various layers does not have a significant relative influence on the general maximum 
force. 
However, it should be noted that ff and En also affect both fracture surface appearance and energy prediction, thus 
warranting additional consideration in this study. 

 
                                                         (a)                                                                                     (b) 

 

Figure 12: Relative influence of various layers of the material-dependent GTN parameters on (a) fracture displacement (b) maximum 
force. 

 
Furthermore, in Figs. 13 and 14, the accuracy of predictions from various layers of the ANN is compared to the results 
obtained from finite element simulations. It is evident that all layers of the ANN exhibit consistent and reliable results that 
align well with the finite element method. Notably, the third layer of the ANN demonstrates higher accuracy compared to 
the other layers when compared to the finite element simulations. 

 
                                                        (a)                                                                                               (b) 

 
Figure 13: The comparison of finite element simulation and predicted results by various layers. (a) fracture displacement (b) maximum 
force. 
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                                                        (a)                                                                                       (b) 

 

Figure 14: The results of performance R2 for various layers. (a) Fracture displacement (b) Maximum force 
 
 
CONCLUSIONS 
 

he study investigated the impact of the number of layers and neurons on the accuracy of an ANN in predicting the 
fracture behavior and  the relative influence of various GTN parameters on fracture displacement and maximum 
force of Ti6Al4V alloys in the SLM process. 

The ANN was found to be a suitable method for determining the GTN fracture model coefficient, with significant influence 
from the number of hidden layers and the choice of training function on the accuracy of predictions. 
Increasing the number of layers and neurons in the ANN led to improved accuracy in predicting fracture displacement, 
which is influenced by complex relationships among the GTN parameters. 
For predicting maximum force, a lesser number of hidden layers still resulted in acceptable accuracy, although higher layers 
also provided accurate results. 
It is recommended to use an ANN with more hidden layers and neurons when forecasting fracture displacement, while for 
maximum force prediction, a network with fewer hidden layers can still achieve satisfactory accuracy. 
The investigation examined the relative influence of different layers and material- dependent GTN parameters on fracture 
displacement and maximum force. The results indicate that f0, representing a specific GTN parameter, has the most 
significant effect on both fracture displacement and maximum force. This finding suggests that f0 plays a crucial role in 
determining these two mechanical properties. 
However, it should be noted that increasing the number of layers and neurons also leads to longer optimization times, which 
should be considered in practical applications. 
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