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ABSTRACT. Since the end of the last century a lot of research on ductile 
damage and fracture process has been carried out. The interest and the 
attention on the topic are due to several aspects. The margin to reduce the 
costs of production or maintenance can be still improved by a better 
knowledge of the ductile failure, leading to the necessity to overcome 
traditional approaches. New materials or technologies introduced in the 
industrial market require new strategies and approaches to model the metal 
behavior. In particular, the increase of the computational power together with 
the use of finite elements (FE), extended finite elements (X-FE), discrete 
elements (DE) methods need the formulation of constitutive models capable 
of describing accurately the physical phenomenon of the damaging process. 
Therefore, the recent development of novel constitutive models and damage 
criteria. This work offers an overview on the current state of the art in non-
linear deformation and damaging process reviewing the main constitutive 
models and their numerical applications. 
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INTRODUCTION 
 

he generation of large inelastic deformations accompanied by the progressive degradation of mechanical properties, 
and finally by the material failure, is a relevant topic in many competitive industrial sectors (automotive, construction, 
naval, etc.). An underestimation of the material capability of bearing loads, or an incorrect design of components 

can lead to a catastrophic outcome with severe consequences in terms of lives or economic impact. 
The understanding of the damaging process has a key role under several aspects. Firstly, the prediction of the failure 
mechanism can lead to a better design of components and structure, with a consistent reduction in the costs production 
and, more importantly, in maintenance costs. It can help the development and use of new materials and technologies, 
especially in applications linked to emerging industrial sectors such as biomedical, robotics, and aerospace. Lastly, recent 
experimental investigations on non-linear deformations and rapture under various loading/boundary conditions provide 
useful information for the development of constitutive models or empirical formulas for the description of the damage 
processes. 

T 
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In particular, the increase of the computational power incentivized the theoretical research on mechanical models on ductile 
damage thanks to their implementation in in-house or commercial software based on the finite element (FE) or discrete 
elements (DE) methods. The great interest around numerical simulations derives from the possibility of conducting 
parametric studies on components, varying geometrical features, or loading conditions without additional experimental 
costs. Numerical codes can be applied for the simulation of the service life of large structures such as bridges, skyscrapers, 
ships, for which full-scale experimental approaches would be unfeasible or too costly. Moreover, experimental campaigns 
on cyclic loading or low cycle fatigue (LCF) problems can require a considerable time, especially if the investigations are 
applied to several specimens. FE or DE simulations can speed up the computation process and can be applied on several 
problems [1–4]. 
The continuous development of robust damage and fracture models represented, and still represents, an essential point to 
obtain a more realistic description of the material behavior. On the other hand, since the pioneering works on ductile damage 
in the second half of the last century, several researchers developed alternative theories for the description of the 
phenomenon. The present work aims to offer an overview on the current state of the art, pointing out the different aspects 
that characterize the main constitutive models. The reader should keep in mind that a detailed description of all the existing 
models is unrealistic since the literature on the topic is quite vast. For the same reason the authors did not report the 
constitutive equations of the models discussed, the reader is referred to the referenced literature for a in depth description 
of single theories. The paper is organized as follows. Initially, a brief introduction deals with the definition of the nature of 
the damage. The experimental characterization of the damaging process is discussed, describing some of the current 
measuring techniques. Subsequently, an overview of the available models for the damage description, and a discussion of 
the main aspects of each theory, is offered together with references of recent applications. Finally, some computational 
aspects are presented. 

 
 

DAMAGE DEFINITIONS 
 

efore dealing with the experimental characterization and the numerical modeling of the damage phenomenon it is 
necessary to point out some different mechanisms that lead to the formation of macro cracks. 
In fact, even if the outcome of the process is the material failure, the causes for initiation and the evolution of the 

phenomena are quite different depending on the loading and boundary conditions. Here, a brief description of the fracture 
processes is given, the reader is referred to [5,6] for an in-depth discussion. In summary, fracture can be distinguished in 
three mechanisms: 
 Ductile fracture. This type of fracture is accompanied by a large amount of irreversible deformations that alter the 

geometry or shape of the components (i.e. necking, shear bands, etc.). The process is generally triggered by the presence 
of internal material defects (voids, inclusions) around which a stress localization induces crystallographic slips and the 
progressive decohesion at the interface between the inclusion and the matrix. Alternatively, the inclusion can break 
under the effect of the surrounding stress fields. Ductile fracture is characterized by internal micro-cracks formation, 
driven by high stress triaxialities (see Fig. 1a). The progressive application of the load increases the number and volume 
of voids and decohesion around defects until their coalescence into a macroscopic crack that quickly propagates until 
the material failure. In case of low stress triaxiality three failure mechanisms can be observed. In the first, the void 
nucleation tends to take place in a shear band (see Fig. 1b). The subsequent elongation of the voids induced by shear 
strain leads to their coalescence and finally to the macroscopic rapture. The second one is named ‘void sheeting’ where 
the void nucleation takes place in multiple shear plane that coalesce under shear straining (see Fig. 1c). Finally, the so-
called Orowan alternating slip mechanism (OAS). The void nucleation and subsequent coalescence takes place into 
two intersecting shear bands forming a prismatic cavity at the core of the material (see Fig. 1d). An exhaustive 
explanation of the different mechanisms is offered in [7]. Ductile rapture is typical of loading conditions that induce a 
non-negligible amount of plastic deformations, including cyclic mobility and low cycle fatigue (LCF) problems [8–10]. 

 Low Ductility fracture (often referred as brittle fracture). The type of fracture that belongs to this category is 
characterized by the formation of cavities between grain boundaries. The cause for these micro-cracks formation can 
be due to accumulation of dislocation, low melting-point impurity phases or concentration of impurity elements (e.g. 
V-group elements in steels, Bi and Pb in coppers). In particular the presence of impurities is known to promote 
embrittlement [11,12]. The number and size of cavities increase under the effect of the load on the structure or 
component and the effect of the temperature. The coalescence of the cavities leads to break some grain boundaries, 
causing a brittle fracture which can propagates or influence the macro-crack formation and material failure (see Fig. 
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2). Detailed information and few examples on numerical modeling of the low ductility fracture can be found in [13–
15]. 

 Progressive fracture mechanisms (fatigue or creep). In case of fatigue mechanism, it has to be excluded the scenario 
where the metallic material fails under cyclic loading conditions after the generation of large plastic deformation (for 
instance in very low/ low cycle fatigue). In fact, in this case, the fracture mechanism belongs to the aforementioned 
ductile fracture. Fatigue fracture is characterized by three stages. Firstly, the crack nucleation takes place in persistent 
slip bands, close or at the free surface, with an inclination of 45° compared to the loading direction, along the 
crystallographic slip planes [16]. During the second stage the crack propagates along a plane, more or less, 
perpendicular to the pulling direction up to a point that the cross section cannot withstand the applied cyclic loading 
(see Fig. 3). Finally, the third stage consists in the ultimate crack propagation the rate of which is roughly half of the 
speed of sound in the material [17]. Recent works on fatigue fracture with some numerical applications can be found 
in [18–22]. Creep fracture is particularly relevant in components that operate at high temperatures (e.g., turbine, 
petrochemical or nuclear plants, etc.). In this case, creep progressively developed from nucleated intergranular void 
depending on the loading and heating conditions in the form of irreversible deformations. The evolution of plastic 
deformation is associated with the enlargement of the voids and their coalescence following three stages: primary, 
secondary and tertiary creep. After an initial increase of the creep rate during the primary stage a constant creep rate is 
reached and is kept throughout the second stage. During the tertiary creep a consistent increase of the creep rate is 
registered until failure. Few works on the topic of creep fracture are reported in [23–28]. 

The present paper focuses the attention in reviewing the first fracture process. In the following sections we will refer to a 
damage variable associated with the ductile fracture mechanism. In particular, it is important to point out that the 
characteristics that define the damage are substantially different from the ones proper of the deformation process. Damage 
itself consists in the rapture of bonds (atomic bonds between the matrix and defects, atomic bonds between atoms of the 
defects or the matrix), while elastic deformations are reversible variations of the atomic distances and plastic deformations 
account for the accumulation or movements of dislocations. Therefore, a new variable must be introduced to describe the 
damaging process, in addition to the standard variables (i.e., stress, elastic strain, plastic strain, etc.). This aspect will be 
discussed from a theoretical in the following section ‘theoretical damage characterization’. In the next section a more 
practical approach is introduced, giving some information about the experimental characterization of the damaging process. 

 

 
 

Figure 1: Typical ductile fracture mechanism (simplified and redrawn version of Fig. 2 in [7]). 
 



 

R. Fincato et alii, Frattura ed Integrità Strutturale, 59 (2022) 1-17; DOI: 10.3221/IGF-ESIS.59.01                                                                       
 

4 
 

 
Figure 2: Typical low ductility fracture. 

 

 
 

Figure 3: Typical fatigue fracture. 
 
 
EXPERIMENTAL DAMAGE CHARACTERIZATION 
 

he measurement of the ductile damage in the ongoing of an experiment is a challenging aspect since the damage 
variable can hardly be measured directly such as other variables (i.e., total force, displacements, strain, geometrical 
variations, etc.). As mentioned before the damage variable gives an indication about the void formation and growth 

during the loading and, therefore, it is intrinsically associated with the development of internal cracks. 
Currently, there are several techniques that allow a more or less accurate measurement of the damage evolution. A very 
simple, however time-consuming technique, consists in cutting part of the sample to have a direct observation of the state 
of void formation. As it can be imagined, the damage evolution can be estimated by a series of tests, performed under the 
same conditions, where the cut and void observation is done at predefined stages of the loading sequence. 
A valid alternative is represented by hardness evaluation by means of indentation. This method consists in recording, 
throughout the experiment, the magnitude of the applied load and the indentation depth. By the technique proposed by 
Oliver and Pharr [29], the indentation measure can be correlated to the decrease of the elastic modulus and therefore to the 
measure of the damage evolution. This expedient can return very accurate values of the local damage and it can be used to 
evaluate the degradation in strain localization areas (i.e. necking, shear bands, etc.) [30,31].  
The electrical resistance of the material can also be used to evaluate the resisting area and therefore to measure the level of 
damage in the material. The changes in electrical resistance measured during the material loading are mainly due to the 
generation of plastic deformations and damage. As shown in [30], it is possible to obtain a formula that relates the change 
in resistance with the evolution of the damage. The damage evaluation seems to be quite good and able to predict a realistic 
evolution. This last method was proposed by Lemaitre and Dufally [32] and used for the first time by Kumar et al. [33].  
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Micrographic SEM pictures were mentioned by Lemaitre and Dufally [32] as a method to obtain the damage by the 
comparison of the area fraction that corresponds to voids to the total area observed. SEM picture can be used a posteriori 
to investigate the nature of the rapture (brittle, ductile, fatigue) [34] giving high resolution images of the damaged area. A 
recent work by Hutiu et al. [35] proposed the use of optical coherence tomography (OTC) to perform fracture analyses as 
a valid alternative to SEM pictures. Even though the images obtained with the OTC method are characterized by a much 
lower resolution of the SEM, the OTC low costs and portability of the equipment make this approach particularly suitable 
for in situ investigations. 
Recently transmission electron microscopy (TEM) has been used  to investigate the deformation and fracture mechanisms 
of materials [36–38]. Thanks to the high-resolution and real-time imaging of this technique it was possible to observe several 
micro-scale and atomic-scale phenomena leading to the material failure (e.g., dislocation-dominated, twinning-dominated, 
mechanical annealing, phase transformation). Zhang et al. [39] proposed a methodology that adopts a 
microelectromechanical systems-based thermomechanical testing apparatus that enabled to observe the atomic-scale ductile 
mechanism in single crystal tungsten at high temperatures. This type of material is characterized by a brittle type of fracture 
at room temperature, but the failure mechanism shifts to ductile fracture with the increase of the temperature. The 
development of a custom-designed transmission electron microscope showed direct evidence of strain induced phase 
transformation at the crack tip that prevents the brittle fracture improving the ductility. 
X-ray micro-tomography can be also used to obtain the volume of the void [40]. One of the advantages of the use of the 
micro-tomography is the possibility to monitor the whole process from the micro-cracks formation, their growth, 
coalescence and final macro crack formation. In particular, several authors recurred to this technique for the estimation of 
the material parameters in numerical simulations. On the other side, micro-tomography requires specialized technicians for 
its application and it is characterized by high costs compared to other strategies [41–43]. 
Another technique, often referred in the literature as ultrasonic testing (UT) technique, consists in observing the response 
of the material to ultrasonic pulses, in order to evaluate the density of voids and internal defects. The difference of the 
ultrasonic pulse velocity of the sample before and during the experiment can be correlated to the damage evolution [44]. 
An interesting work by Chiantoni et al. [45] provides an interesting comparison between the micro-tomography and the UT 
methods for the assessment of the damage evolution in P91 steel at high temperature. It is concluded that both techniques 
are in good agreement in catching the damage evolution. However, micro-tomography can offer detailed pictures of the 
actual distribution of voids in the damage localized area, while UT gives an overall evolution of the damage variable in the 
sample. The lack of resolution of the UT is somehow compensated by the low costs and easy use of the ultrasonic 
equipment.  
The most common technique for the evaluation of the damage is the stiffness or elastic modulus reduction measurement 
as largely developed and adopted by Lemaitre and Dufally [32] and Bonora et al. [46]. Its application is quite simple, and it 
consists of a series of measurements of the effective elastic modulus during partial unloading of the sample. The decrease 
of the modulus can be associated with the progressive loss in the load-carrying capacity of the material caused by the void 
formation. This technique is quite easy to actuate, and it does not require the use of sophisticated equipment (i.e., SEM 
pictures, X-ray micro-tomography, ultrasonic pulse). 
 
 
THEORETICAL DAMAGE CHARACTERIZATION 

 
Damage preliminaries and characterization of the stress state 

o describe the process that leads to the progressive degradation of the mechanical properties, it is important to 
understand the factors that influence the nucleation, growth, and coalescence of micro-voids in metallic materials. 
Firstly, it is worth mentioning that the growth of the cavities, defects, decohesion inside the material tends to be 

oriented by the macroscopic load that created them. This means that the variable that should be selected for the description 
of the process should have a tensorial nature (first, second or even fourth order tensors) or, at least, it should be able to take 
into account the shape and the orientations of the voids. However, for metallic materials, and in most of industrial 
applications, the adoption of an isotropic scalar variable can give satisfactory results. For sake of completeness, the reader 
is referred to [47,48] for examples of tensorial damage variables. 
Usually, the process discussed in the ‘ductile fracture’ bullet point of the previous section can be described by the addition 
of one, or more, internal variables in elastoplastic constitutive theories. This new variable, or variables, are responsible for 
describing the formation and progression of cracks until the complete failure of the material. Although the material 
degradation description depends on the selected constitutive model, a common aspect among several approaches is to 
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consider a variable (or variables) limited between two extremes (a scalar variable is assumed in Eq. (1) and generically 
indicated with D): 
 

 


0

1

D non damaged material

D material failure                                                                                                     (1) 

 
A D = 0 condition implies an undamaged material, without voids. A D = 1 condition characterizes the material failure. 
Often, in finite element analyses, a threshold value cD  < 1 is used (e.g., [49–51]) to indicate the formation of a crack, or the 
material failure, in order to avoid numerical problems such as damage localization or convergence issues. These aspects are 
discussed later. 
 

 
 

Figure 4: Typical dependency of the equivalent strain to fracture on the stress triaxiality. 
 
An important aspect in the numerical modeling of the damaging process consisted, and still consists, in formulating a 
constitutive law for the description of the evolution of the D variable, from the non-damaged state until the final failure. In 
particular, the challenge is represented by formulating the simplest law that includes the main factors governing the void 
nucleation, growth and coalescence. The extensive experimental campaign conducted in the second half of the last century 
[52–58] pointed out the dependency of the damage process on a dimensionless stress parameters: the stress triaxiality 
(e.g.,[59–63]). In fact, for metallic materials was found that the ductile fracture mechanism and final deformation to fracture 
(i.e., equivalent strain to fracture  f ) are strongly related to the magnitude of the stress triaxiality (Fig. 4). While the effect 

of the stress triaxiality has been initially incorporated in most of the constitutive models for the description of metal failure, 
the role of the Lode angle [59]   became evident later, when experiments under different loading conditions showed that 
the equivalent strain to fracture changes for different values of the Lode angle under the same stress triaxiality. The effect 
of the Lode angle is often taken into account by introducing the Lode angle parameter  (e.g., [59–66]), a dimensionless 
scalar variable that assumes values between -1 and +1 (-1 in case of compression, 0 in case of shear or plane stress condition 
and +1 for tension), see Fig. 5. Most of the recent constitutive models account for damage evolution laws that consider the 
effects of both stress triaxiality and Lode angle parameters. 
 
Ductile damage models 
The ductile damage evolution and fracture prediction represent the central points for the scientific and engineering 
community in the framework of material failure. Several works have been carried out developing various theories for the 
description of the damage. In the literature they can be divided into three main categories: 

 Group I: Empirical failure criteria. 
 Group II: Phenomenological models. 
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 Group III: Micromechanics-based models. 
It should be mentioned that the classification of the theories is not unique. In this work, the classification proposed by De 
Souza Neto et al. [67], Besson [68] and others [6,69] is followed. Sometimes, group II is referred as continuum damage 
mechanics (CDM) models (e.g. [70,71]). In this work it is considered that both group II and group III belong to the CDM 
framework since they both offer a continuous description of the damage.  
 

 
 

Figure 5: Typical dependency of the equivalent strain to fracture on the Lode angle parameter. 
 
Group I. To this first category belong the models that consider the damaging process as independent form the plastic 
behavior of the material. Often in the literature this approach is referred as ‘uncoupled´ meaning that the damage internal 
variable has no influence on the other plastic internal variables nor the elastic properties of the material and vice versa. 
Therefore, the variable D is merely indicator of the state of the material without an actual contribution on the degradation 
of the mechanical properties. Due to their simplicity, the empirical failure criteria spread widely, especially for industrial 
applications [72]. 
The Cockcroft-Latham criterion [73] and its subsequent modification into the Cockcroft-Latham-Oh [74] represent a widely 
used criteria for the prediction of the rapture. In the last decade, several papers and technical reports adopted this approach 
due to its simplicity and the extremely low number of parameters required. On the other side, due to their simple form, they 
do not consider the effect of the Lode angle and returns qualitative results in case of significant variation of the stress state. 
Wilkins et al. [54] tried to consider the effect of the stress triaxiality together with the Lode angle, where the Lode angle was 
considered by a scalar factor A that describes the stress asymmetry of the principal stress deviators. A good description of 
the rapture under different stress states can be obtained if the material does not show a pronounced Lode angle sensitivity. 
Johnson and Cook [53] developed a material constitutive model that is still widely used. In particular, even if the Lode angle 
effect is still neglected, this approach includes the effect of the strain rate and temperature beside the stress triaxiality. Its 
calibration requires the definition of a total of 8 material parameters, which can be reduced to 3 in case of quasi-static and 
isothermal conditions. The J-C criteria is particularly suitable to predict failure at impact or high rate loading conditions [75]. 
Recently, Bai and Wierzbicki [60] proposed a modified Mohr-Coulomb criterion (MMC) for the prediction of ductile 
fracture. The MMC can take into consideration the effect of the stress triaxiality and Lode angle and it requires a total of 8 
material parameters in its general form, or 4 material parameters in case a von Mises yield function is assumed. This last 
criterion seems to predict quite accurately the ductile failure and it has found a large application in the recent literature. 
A comparative study on failure criteria is offered in [76]. An interesting work by Bao and Wierzbicki [77] pointed out that 
all the aforementioned criteria are not able to describe the material failure under a wide range of stress triaxiality. 
Modifications of the criteria are needed in case of low or negative values of the stress triaxiality. Moreover, it should be also 
pointed out that the construction of the failure envelope (i.e., locus of the final strain to fracture as a function of the stress 
triaxiality and/or Lode angle parameter) is valid only for proportional loading paths. Exceptions are represented by the use 
of empirical criteria coupled with plastic internal variables [64,78–80]. A recent interesting work from Ganjiani and 
Homayounfard [81] presented a ductile failure criterion based on an analytical definition of the plastic strain onset of the 
fracture capable to account for proportional and non-proportional loading conditions. The coupled elastoplastic and damage 
model in [81] can consider plastic anisotropy by means of the Hill48 yield criterion [82] and resulted in a good prediction 
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of the failure mechanism of several materials (i.e., Al6012-T6 and Al2024-T351 aluminums, A533B and 1045 steels). The 
work of Wang et al. [83] proposed a novel criterion for metal failure under cyclic loading coupled with an innovative 
elastoplastic model. The advantages of this theory consist of a simple numerical procedure and the possibility to predict 
cracks formation at low and high cycle fatigue. A recent uncoupled ductile fracture criterion has been proposed by Quanch 
et al. [84] focusing the attention on the micro-mechanism of void nucleation, growth and coalescence. Moreover, their work 
investigated the material failure considering the anisotropic behavior of 6016-AC200 aluminum under a wide range of stress 
states. 
Group II. The phenomenological models describe the damaging process from a macroscopic point of view. This class of 
theories developed from the initial work of Kachanov [85] and Rabotnov [86], who tried to give a first physical 
characterization of the damage as the reduction of the resisting area in the material. The damage concept was later 
consolidated in a consistent thermodynamic framework by Lemaitre [87,88]. 
Lemaitre’s model is based on two assumptions: 
 effective stress tensor ‘as the stress to be apply to a non-damaged element of material so it deforms as damage element under 

the actual current stress’ [68]. 
 strain equivalence as ‘the strain behavior of a damage material is represented by the constitutive equation of the non-damaged 

material, using the effective stress’. Alternatively, Saanouni et al. [89] proposed the hypothesis of energy equivalence to define 
the constitutive variables governing the damaging process. In case of material anisotropy the energy equivalence should 
be adopted [6,90]). 

From the Lemaitre’s initial formulation several theories were developed. All of them can be considered as phenomenological 
since the micro-cracks or voids inside the material are not considered individually but they are ‘smeared’ in the media. In 
this sense the constitutive equations describe the overall macroscopic response of the damaged material. As mentioned 
before, group II models are derived from a consistent thermodynamic framework which allows different type of couplings 
between the damage and the elasto-plastic internal variables depending on the free energy definition [6]. It also allows the 
definition of several types of non-negative dissipation potential and yield functions. 
The Lemaitre’s formulation [87,88] considered uniquely the effect of the stress triaxiality. Recent developments of the theory 
formulated the damage evolution as a function of the Lode angle parameter [66,91–95]. Phenomenological models were 
also developed in a finite strain framework accounting for material anisotropy [47,96–98] improving the material description 
in several industrial processes with large plastic straining. As for the empirical failure criteria, the calibration of the material 
parameter should be carried out carefully. Nonetheless, depending on the material, it can be still difficult to characterize the 
failure behavior under a wide range of the stress triaxiality and Lode angle parameter. Moreover, group II models usually 
need the calibration of several material parameters. 
Group III. The pioneering work in this category was undertaken by McClintock [99] and Rice and Tracey [62] who formulated 
the first two damage criteria based on geometrical observations on a defect inside a material matrix. These two initial works 
laid the foundations for the damage criterion which considered the material failure whenever the normalized void radius 
reached a critical value. Gurson [100] was the first to consider the interaction between the voids and the their growth and 
the material response in terms of stress and strain. He re-formulated the yield criterion adding the contribution of the 
volume of the voids and, in detail, he associated the damage evolution with the porosity f, or void volume fraction. The 
influence of the damage on the plastic flow was therefore included in the porosity that progressively shrinks the plastic 
potential. The failure is assumed for f = 1, similarly to the concept expressed in Eq. (1). Further development of the model 
led to the well-known Gurson-Tvergaard-Needleman (GTN) model. The improvement consisted in a better description of 
the void nucleation, growth, and coalescence mechanism with a more realistic description of the material failure. It should 
be pointed out that micromechanics-based models are not derived from a consistent thermodynamical framework (with the 
exception of the hybrid model proposed by Rousselier [63], even though it should be considered in a group of its own), 
where the damage evolution is not associated with a dissipative mechanism. 
The GTN approach and its subsequent developments proved to have a high predictive capability at high stress triaxiality. 
Unfortunately, the model does not perform well at low stress triaxiality and in case of pure shear, where no void growth is 
generated. To overcome these drawbacks, recent modifications of the original GTN model were carried out. [101–106], 
however, with an increase of material parameters. Moreover, the inclusion of the effect of the third invariant with the 
introduction of the Lode angle parameter was carried out on a phenomenological approach and micro-mechanical 
justification was not given. The motivation for the poor performance of the GTN model at low stress triaxiality lies on the 
assumption that spherical voids remain spherical, which does not seem to be accurate. Therefore, Jiang et al. [107] proposed 
a model based on a duplex mechanism, one for the void growth and one for void shear. Their results seem to be in good 
agreement with experimental data for a wide range of stress triaxiality and Lode angles. 
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Even in case of micromechanics-based constitutive models the number of material parameters to be calibrated can be 
considerable, especially in the recent development of the GTN model. Moreover, some of the material parameters should 
be characterized by micromechanical analyses and cannot be identified by conventional mechanical tests. 
 
 
MODELS COMPARISON AND COMPUTATIONAL ASPECTS 
 

ven though the choice of the best model or criteria for the description of the ductile behavior depends on the single 
model itself, in the present section a general comparison among the group I, group II, and group III models is given. 
The main aspects will be presented in the following bullet points. 

 Elastic behavior. Among the three groups, the damage plays an important role on the elastic stiffness only in the 
models derived by the Lemaitre’s concept. The damage internal variable can be coupled with the elastic free energy 
for the definition of the elasto-damage behavior. However, it is also possible to couple the damage variable uniquely 
with the plastic variables, or to regulate the effect on the material stiffness as suggested by Xue [108]. Moreover, to 
diversify the model elastic response in tension or compression it is possible to simulate the crack closure effect with 
the addition of one scalar material parameter [109]. Uncouples models of group I, clearly do not consider the effect of 
the damage on the elastic behavior. In general, the models derived by the GTN concept do not consider the mechanical 
degradation of the elastic properties. Experimental evidence showed that the effect of the damage on the elastic 
properties is limited, it can become more visible in case of cyclic loading upon failure.  

 Plastic volume change. Models of group I or II, in general, do not consider the plastic volume changes. The firsts since 
there is no coupling with the damage. The seconds because only the stress deviator or the effective stress deviator is 
used in the formulation of the yield potential. Consequently, micromechanics-based models are the only one to fulfill 
the mass conservation, since the damage evolution law is directly based on the evolution of the void volume fraction. 
It should be pointed out that few attempts have been made to include the effect of the porosity in phenomenological 
models such as the work of Hammi and Horstemeyer [110] even though the volume change is not actually accounted 
for. Santaoja [111] recently published a paper presenting a phenomenological model where the damage variable was 
redefined to take into account the void volume fraction. However, this model considers an elastic matrix response 
with spherical microvoids only. 

 Strain induced anisotropy. Strain induced anisotropy can be easily taken into account in uncoupled or Lemaitre’s type 
models, since the implementation of kinematic hardening laws is straightforward. The initial GTN model does not 
consider the effect of kinematic hardening and it was based on isotropic hardening only. Recent versions of the GTN 
model overcame this drawback and can consider the contribution of the kinematic hardening (e.g., [112]). 

 Plastic anisotropy and anisotropic ductile damage. While it is possible to consider plastic anisotropic by means of 
anisotropic yield criteria [82,113–115], an anisotropic damage variable has been described by several approaches in 
group II. A first strategy consists in describing the damage by means of set of vectors associated with predefined 
directions [116,117]. Alternatively, the damage can be described by second-order tensors [48,118,119] even though a 
second-order damage tensor itself can not properly describe the damage induced anisotropy in the fourth order elastic 
tensor. Lastly, the damage can be described by a fourth-order tensor which is derived consistently from the effective 
stress concept, and it has been widely adopted in the literature [97,120–122]. However, recent works showed the 
possibility to use a scalar damage variable to model an anisotropic damaging process [51,123]. These approaches, even 
if not representative of the true nature of an anisotropic damage variable, can be still useful in several engineering 
applications. In GTN-type models the anisotropic evolution of the void (and therefore of the damage) can be 
considered by adopting ad hoc laws with shape factors [124,125] that describes the volume and shape changes of the 
voids as well as their rotation during the loading process. The consideration of the void shape changes and re-
orientation complicates the formulation of group III models and their validation on three dimensional problems with 
complex loading conditions remains challenging. 

 Rate and temperature dependencies. From experimental observations, metals seems to show an increase in ductility 
with the strain rate (found in steel, aluminum, copper, titanium etc.) [126]. The formulation of group I models with 
deformation rate dependency or temperature dependency can be easily done by adding ad-hoc terms to the failure 
criteria. In coupled models the effect of the rate-sensitivity and temperature should be taken into account both in the 
deformation and damaging processes. The development of rate-dependent and temperature dependent Lemaitre’s type 
models is quite straightforward [108,127,128] and it requires simple modification with the addition of few material 
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parameters. On the other side, micromechanical investigation for the formulation of the rate-dependency and 
temperature dependency GTN-type models seems more complex. 

 Mesh sensitivity. Due to the uncoupled nature of the constitutive equations, models in group I are less influenced by 
the mesh size but can however suffer from strain localizations problems. On the contrary, due to the material softening 
induced by the damage evolution, mesh sensitivity is an important issue for models of group II and III [129]. From a 
theoretical point of view, the boundary problem becomes ill-posed once the deformation and damage accumulates in 
few elements. To prevent this problem several methods were proposed (i.e., viscoplastic regularization, non-local 
theories, gradient-like definition of the internal variables). Most commonly, a spatial averaging term is adopted, where 
it is assumed that the value of the state variables (damage, plastic deformations) in a local point depends on the values 
of the state variables in the neighborhood of the point. This concept adopts a characteristic length to define a domain 
(area or volume) used to average the damage variable and avoid the localization and consequent softening in single 
elements [130,131]. Unfortunately, in commercial software it is difficult to implement such strategy even with the use 
of user-subroutines. Another solution is represented by models adopting the definition of gradient-like formulation of 
the internal variables [132–134]. Alternatively, a common and easy solution is to set a value of the critical damage Dc 
small enough (0.2~0.3) to avoid localization. This strategy has also the benefit of avoiding an excessive loss of stiffness 
which leads to the loss of quadratic rate of convergence if an implicit numerical scheme is used for the integration of 
the constitutive equations [67]. 

 Proportional, non-proportional loading conditions. The use of empirical criteria for the description of the damage 
evolution should be limited to proportional loading only. However, the use of empirical criteria where the damage and 
plastic variables are coupled showed good agreement with experimental data on material failure under non-
proportional loading paths [79,81,135,136]. Example of the applications of the Lemaitre-type and GTN-type models 
to non-proportional loading can be found in [137,138]. 

 Calibration of the mechanical parameters. A common practice for the calibration of the material constants of the 
models in all groups is to conduct inverse and parametric studies to fit the experimental curves. In detail, knowing the 
force-displacement curve for a sample together with the final elongation to fracture, the calibration is conducted to 
identify the set of parameters, within their ranges of existence, that minimizes the differences between the experimental 
and numerical curves. The uncoupled nature of the models in group I allows to distinguish between the calibration of 
the elastoplastic constants and the parameters for the damage evolution law, leaving to the firsts the fitting of the 
experimental force-displacement trend and to the seconds the description of the final elongation to fracture. On the 
other hand, the coupled nature of models in group II and III requires the elastoplastic and damage parameters to be 
identified simultaneously. From a theoretical point of view, the constants for models in group III should be based on 
micro-mechanicals investigations. However, often the parameters for the GTN-type models are obtained from 
macroscopic mechanical tests due to costs of ad hoc experimental investigations and due to the phenomenological 
formulation of some laws, for instance the Lode angle dependency. 
Recently, several authors combined the use of finite element modeling and artificial intelligence (AI) for the numerical 
characterization of ductile failure. This methodology seems promising and gave accurate predictions, however, it still 
relies on the size and quality of the experimental database to train the AI algorithm. Baltic et al. [139] combined FE 
and artificial neural network (ANN) to calibrate a GTN-type model on a single sample. The main advantage is the 
possibility of extracting the model parameters from a single sample as opposed to the many geometries usually 
necessary to define the locus of the strain to failure. Moreover, the ANN algorithm showed a good performance in 
calibration even with limited data available for the training and learning. Quan et al. [140] adopted ANN to identify the 
damage parameters of the shear modified GTN model [141] in a small punch test. The numerical simulations 
reproduced accurately the experimental tests. 

The following Tab. 1 offers a list of the advantages and shortcomings of the different approaches for modeling the metallic 
material failure. 
 
 
CONCLUSIONS 
 

he present work aims to offer useful information for the characterization of the ductile damaging phenomenon. 
Initial considerations were described to distinguish the different damaging mechanisms that might take place in 
metallic materials. Among them, ductile fracture has relevant role in many industrial applications and therefore it T 
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has been widely investigated leading to the generation of predictive models with the intent of improving the design and 
service life of components/structures.  
Experimental characterization of the damage is another fundamental aspect to reach a reliable numerical modeling of the 
phenomena, and at the same time to offer a tool for the maintenance of existing structures. Several techniques have been 
described and reported. 
Lastly, three different classes of numerical approaches have been introduced, giving a brief summary of their main features. 
In detail, the previous section discussed the strong and weak points of each theory. The reader should be reminded that the 
choice of the computational model should depends on the specific case to analyze and the possibility to characterize the 
material parameters. Clearly the choice of a particular constitutive model should be balanced between its simplicity and the 
predictive capability in relation to the problem to solve. A judgment on the best model based on the constitutive equations 
themselves cannot be objective. The authors tried to report the most recent relevant literature in order to offer a view on 
the state of the art in metal ductility and failure. 
 

 Advantages Disadvantages 

Group I 

 simple application in FE; 
 negligible mesh dependency; 
 stress triaxiality and Lode angle; 
 plastic anisotropy of the material matrix. 

 application on proportional loadings only 
(except for models with coupled damage and 
plastic variables); 

 lack of physical meaning; 
 different functions to predict failure at 

different triaxialities; 
 no influence of the damage on the plastic 

variables and vice versa (except for models 
with coupled damage and plastic variables).

Group II 

 thermodynamically consistent; 
 coupling damage and elasticity; 
 easy implementation of kinematic hardening; 
 stress triaxiality and Lode angle dependency; 
 proportional and non-proportional loading 

path; 
 anisotropy of the material matrix. 

 mesh dependency; 
 does not fulfil mass conservation; 
 no physical parameters involved; 
 requires to include Lode angle parameter for 

shear failure. 

Group III 

 fulfilment of mass conservation 
 stress triaxiality and Lode angle dependency; 
 proportional and non-proportional loading 

paths. 
 

 mesh dependency; 
 coupling damage and elasticity requires an ad 

hoc formulation; 
 requires ad hoc formulation of kinematic 

hardening; 
 Lode angle dependency does not have 

micromechanical justification; 
 requires a lot of material parameters; 
 material parameters calibration requires 

micromechanical tests; 
 requires ‘phenomenological’ modification to 

model low stress triaxiality damaging. 
 

Table 1: Summary of the features of the group I, II and III models. 
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