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ABSTRACT. Brittle rock contains an important plastic deformation, which 
causes microcracks when coupled with stress-induced damage. A new coupled 
elastoplastic damage model is established in order to discuss the damage 
behaviors found in brittle rock, based on theoretical analysis and experiments. 
Micromechanic considerations determine the effective elastic properties of 
anisotropic damaged geomaterials. An energy-based damage criterion is used 
to deduce the damage initiation and the damage evolution law of the brittle 
rocks. Moreover, the non-linear unified strength criterion is modified. It takes 
anisotropic damage and the effects of intermediate principal stress into 
account, in order to determine both the yield and plastic potential functions. 
The non-associated plastic flow rule is utilized. The consistency condition of 
plastic and damage is applied in the coupled process. The damage evolution 
rule and the coupled plastic damage of brittle rock are conceived within the 
framework of irreversible thermodynamics. By comparing the simulations and 
the experimental data from limestone that was subjected to various loading 
paths, a strong connection between the numerical simulations and 
experimental data is therefore obtained. The numerical results show that the 
new model is able to describe the main features of the mechanical properties 
observed in brittle rock.  
  
KEYWORDS. Coupled elastoplastic damage model; Non-associated plastic 
flow rule; Anisotropic damage behaviors; Brittle Rock. 
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INTRODUCTION  
 

hina is one of the few countries in the world that use coal as an important power source. More than 70% of its total 
power generation is thermal power [1]. Its output has exceeded one third of the world's total output. The coal 
industry has played an important role in promoting national economic development, rapid economic growth and 

social progress. However, with the vigorous development of the coal industry, coal mine accidents have become a major 
obstacle to its development. Coal mine accidents are mainly included in the fields of gas burst, roof fall, rock burst and so 
on. Roof fall, as shown in Fig 1, is the most ordinary accident in coal mine. The number of roof fall accidents is accounting 
for 43% in coal mining accidents. Coal is a complex fractured geological medium containing numerous randomly distributed 
micro holes and cracks. Its mechanical properties are important essential parameters for the mining design, roadway support 
and some other underground coal engineering [2-4]. Therefore, the constitutive relation and damage model of coal-rock is 
still a major issue to be solved urgently. 
 

 
Figure 1: A roof fall accident happened in coal mine. 

 
For the mechanical properties of coal-rock, the plastic/elastoplastic and damage model were the focus issues in the previous 
researches. Chen et al.[5] established a new permeability model considering plastic and failure behavior for coal, and 
discovered that the mechanical state (or deformation stage) of coal had a significant effect on permeability. Wu et al. [6] 
developed a plastic strain-based damage model that consists of the heterogeneity function, the damage stress-strain function, 
the cohesion function and the dilation angle function based on analysing the characteristics of coal dilation and strain 
hardening/softening during deformation. Zhou et al. [7] proposed a nonlinear constitutive equation of rocks by taking the 
nonlinear deformation properties of rocks into consideration. Moreover, both the nonlinear damage evolution equation and 
constitutive equation of rocks were deduced by applying the thermodynamics conservation laws [7]. Rock belongs to a 
typical heterogeneous material with very low tensile strength. The effects of temperature gradient on the damage of rocks 
were investigated by Zhou et al. [8] and Zuo et al. [9]. Li et al. [10] proposed a theoretical evaluation model of rock brittleness 
based on the statistical damage theory and the energy evolution law of rock failure process. In this model, the damage 
evolution of coal in loading process was considered. 
The micromechanical damage mechanics approach leads to an improved understanding of the underlying physical processes 
[7,11-12]. In the micromechanical approach, researchers study the growth, nucleation, and coalescence of microcracks and 
their influence on the mechanical properties, which is reflected in the constitutive relation in certain ways [11-19]. Among 
these, the most widely used models are the dilute-concentration method (DCM), the self-consistent method [20-22], the 
differential method (DM) [23-24], the generalized self-consistent method (GSCM) [25], and finally, the effective self-
consistent method [26]. However, the micromechanical damage mechanics model is often difficult to implement in 
engineering applications, because of its proclivity to cause 3D problems. Therefore, the phenomenological approach is 
adapted in the new model. This article proposes a coupled elastoplastic damage model in order to discuss the plastic 
deformation and induced damage found in brittle geomaterials. Furthermore, the new coupled model describes the 
anisotropic damage behaviors of geomaterials in triaxial and uniaxial compressive tests. 
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GENERAL IDEA FOR THE COUPLED ELASTOPLASTIC DAMAGE MODEL 
 

ased on our theoretical analysis and experimental investigations, a coupled elastoplastic damage model is established 
to describe the mechanical behaviors of semi-brittle geomaterials. As mentioned earlier, an anisotropic damage 
model can be used to describe the degradation process that is induced by the microcracks found in semi-brittle 

geomaterials. Generally, small strain assumption is adopted, and the total strain tensor can be decomposed into an elastic 

part, e
ε  and a plastic part, p

ε  [7,12, 27-28] 
 

e p=ε ε + ε                                                                                     (1) 
 

In an isothermal process without viscous dissipation, Helmholtz free energy is dependent on three state variables: 
 

( , , )e
p  = D                                                                             (2) 

 

where ε  denotes the elastic strain tensor, p represents the scalar-valued internal variables of plasticity, and D refers to the 

tensor-valued internal variables of damage.  
Assuming that a thermodynamic potential exists in the damaged elastoplastic geomaterials, plastic deformation and plastic 
hardening both occur within the damage process. Helmholtz free energy can be resolved into elastic and plastic components: 
 

( , , ) ( , ) ( , )e p
p p     = = +D D Dε ε                                                   (3) 

 

where 0( , ) (1 ( )p
p p ptr    = −D D) , ( ) ( ) ( )0 0 0 0 2( ) m m m

p p p p p p p p p pB         = − + − + − , 0
p  is the initial plastic 

yielding threshold, m
p is the ultimate value of hardening function, B  is a model’s parameter controlling plastic hardening 

rate, and  is the model’s parameter coupling of damage evolution and plastic flow. 

To insure that the second law of thermodynamics is justified, the Clausius–Duhem's inequality principle indicates that the 
reduced dissipation inequality contains: 
 

: 0  − σ                                                                            (4) 

 
The evaluation of the inequality involves the time derivative of the Helmholtz free energy: 
 

( , , ) : :
e e P p

p p

p

   
  



   
= + + +

  
D D D

D D
ε ε

ε
                                      (5) 

 
Substitution in the reduced dissipation inequality results in: 
 

: : :: 0
e e e P p

p

p

    




     
− + − − −  

    

p

e e
ε D D

D Dε ε
                                  (6) 

 

where the additive decomposition is utilized in consideration of the elastic and plastic strain contributions. 
The thermodynamic conjugate forces for plasticity and damage are, respectively: 
 

P

p

p

R





= −


                                                                            (7) 

 


= −


Y

D
                                                                          (8) 
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Non-linear poroelastic behavior 

Consider a geomaterial sample with the size V  weakened by  microcracks. It is assumed that the damage tensor is just the 
second-order fabric tensor. Then, the damage tensor can be defined as [29] 
 

3

1

1 N

r
V

 


=

= D n n                                                                (9) 

 

where r  and 
n are the radius and normal vector of the α- crack. 

If the crack density is small, interaction among cracks can be neglected. The Helmholtz free energy function can be 
expressed as follows [30-31]: 
 

( )
( )

( ) ( ) ( )

( ) ( ) ( )

2 2
0 0

1

0 0

2 3 4

,
2 1 1 2

e e e e e e

e e e e e e

E
tr tr b tr tr

b tr b tr tr b tr tr




 

 
= +  + 

+ − 

+   +  + 

ε D ε ε ε D ε

ε ε D ε ε D D ε ε

                                 (10) 

 

where 0E is Young’s modulus, 0v is Poisson’s ratio,  
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−
, 0c v= − (when cracks are open), 2c = − (when cracks are closed). 

 
The standard derivation of the thermodynamic potential satisfies the state equation: 
 

( )
( )

,
:

e e

e

e


= =



ε D
σ E D ε

ε
                                                        (11) 

 
where 
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( )( ) ( )

( )

( ) ( )

( ) ( )( )
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1
1 22

3 4
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2
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D

D

 

 
Eqn. (9) and Eqn. (11) describe the initial anisotropic elastic damage behaviors of geomaterials. 
 

Damage Characterization 

Damage kinetics may be determined by the pseudo-potential of dissipation. The damage initiation and the damage evolution 
law are controlled by the damage’s energy release. The damage initiation and the damage evolution law are concluded in the 
case of non-viscous dissipation using a damage criterion, which is a scalar-valued function of damage energy release. The 
energy-based damage criterion is contemplated in the following form [32-33]: 
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( ) ( )0( , ) 0D
D DF Y Y k tr= − +   - R = YY D D D                                         (12) 

 

where ( )
1 2

D tr=   Y Y Y , 0Y represents the damage energy release threshold at a given value of damage, and k  is the 

parameter controlling the damage evolution rate. 
A normal dissipation scheme is utilized to obtain the damage evolution rate. The damage evolution rate is expressed as 
follows: 
 

( , )D
D F




=


Y D
D

Y
                                                                   (13) 

 

in which the damage multiplier D  is a positive scalar originated from the loading–unloading conditions. 
The Kuhn–Tucker relations can be written as: 
 

( , ) 0, 0, ( , ) 0D D D DF F =  =Y D Y D                                                (14) 

 

Specifically, in the case of elastic damage loading without plastic flow ( 0p = ), the damage consistency condition is 

expressed by: ( ) : : 0
D D

D F F
F

 
= =

 
,Y D Y + D

Y D
, and Eqn. (13) gives the rate of the damage multiplier: 

 

( ( ) : ) :1
:

( ) ( )

e
D

e R R



= = −

 

E ε εY
ε

ε

D

D D
                                                  (15) 

 
where  
 

( )




E D
E (D) =

D
,

( )
( )

R
R


 =



D
D

D
. 

 
Therefore, the rate form of constitutive equation turns into: 
 

ed=σ E ( ) : εD                                                                    (16) 

 

where 
edE ( )D  is the tangent elastic damage tensor: 

 

1
( ( ) ) ( ( ) )

( )

ed e e

R
 = − 


E ( ) E( ) E : ε E : εD D D D

D
                                          (17) 

 
Eqn. (17) can easily describe the anisotropic damage behaviors of geomaterials in triaxial and uniaxial compressive tests. 
 

Plastic characterization 

The plastic strain rate is determined by the plastic yield function, the plastic hardening law, and the plastic flow rule in the 
case of non-viscous dissipation. An anisotropic plasticity framework is used due to the initial anisotropy of geomaterials. 
For most geomaterials, the non-linear unified strength criterion can be applied in order to produce the transition from 
plastic volumetric compressibility to dilatancy. The nonlinear unified strength theory has the following characteristics: (1) It 
is able to reflect the fundamental characteristics of rock, i.e., different tensile and compressive strengths, hydrostatic pressure 
effects, the effects of intermediate principal stress, zonal change, and material dependence. (2) It has a clear physics and 
mechanics background, a unified mathematical model, and simple and explicit criteria, which includes all independent stress 
components and simple material parameters. (3) It is also suitable for different types of rocks under various stress states, 
and it is consistent with other research regarding triaxial tests. The coupled elastoplastic damage models of geomaterials are 
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different than those of metals. Generally, the plastic yield criterion and plastic potential can be conveyed by a scalar valued 
function that determines the thermodynamic force, stress tensor and damage variable, conjugated with an internal hardening 
variable. 
Yield function can be written as follows: 
 

( ), , 0p
pF  σ D                                                              (18) 

 
Plastic potential function can be expressed as: 
 

( , ) 0pQ  σ                                                                    (19) 

 
The following modification of the three-dimensional nonlinear strength criterion proposed by Zhou et al. [34] is 
introduced to determine the damage of rock 
 

2
1 3 2 3( ) - - ( )p

c cF n m      = + +                                                            (20) 

 
where n  and m  are the strength parameters, 

c denotes uniaxial compressive strength of rocks, 
1 2 3, ,    are the major, 

intermediate and minor principal stresses, respectively. 
When the damage variable is considered, the nonlinear strength criterion Eqn. (20) is rewritten in another form 
 

( ) ( )2 1 2( , , ) 2 3 cos 3 1 3 cos 3 2 sin 0
3

p
p c c

tr
F J I m n J m m n        

    = − − + + − + − =      

D
D              (21) 

 

where the stress angle is equal to 3 1 2

1 2

2 ( )
arctan

3( )


  


 

 − +
=  

+ 

, 30 30o o
−   , 

1I is the first invariant of stress, 
2J is 

the second invariant of deviatoric stress tensor, 
c is an uniaxial compressive strength of an intact rock material, m  and n  

are strength parameters of rocks. 

The equivalent deviatoric plastic strain p is defined in terms of the Odquist parameter, which is traditionally used in 2J -

plasticity to express plastic dissipation, in terms of von Mises stress and it includes the equivalent plastic strain rate: 
 

2
:

3
p = p p

e e                                                                         (22) 

 

where pe denotes the rate of deviatoric plastic strain. 
To ascertain the direction of the plastic strain rate, the following modification of the non-linear loading function is 
considered as a plastic potential function: 
 

( )2
2 2 1

3
( , ) 4 cos cos 2 sin

3 3

c
p cQ J m n J I  


     

 
= + + − − 

 
                             (23) 

 

Here, the dilatation parameter  is used to control inelastic volume expansion: 

 
3

0( ) p

m m e
 

   
−

= − −                                                                  (24) 

 

where the parameter 3 denotes the exponential rule of the dilatation parameter  . 

A non-associated plastic flow rule is utilized. The non-associated plastic flow rule and loading–unloading condition are 
described in the following: 
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( , )p

p

Q 



=



p
ε




                                                                   (25) 

 

( ) ( ), , 0, 0, , , 0p p p pF F   =  =σ D σ D                                            (26) 

 

The change rate of the mean plastic strain
p

m and deviatoric plastic strain p
e is defined by: 

 

22

p
m p

p
p

J

  



=



= 


s
e

                                                                            (27) 

 

From Eqn. (3), the plastic hardening function ( , )p p  D is concluded by a standard derivative of the thermodynamic 

potential [35]: 
 

( )0 0
( )

( , (1 2m m
p p p p p p p

p

tr B
  

       



 = = − − + −
 

p,D,
D) D)                         (28) 

 

The scalar valued function ( ,pA  )D  indicates the plastic hardening modulus, which is expressed as follows: 

 

( , : ( :
p p

p

p

p

F Q F Q
A E






    
= −  

    
)

p
D D) :

σ σ σε
                                                (29) 

 

If 0D = , the plastic multiplier is resolved from the plastic consistency condition: 
 

: :

( : :

p

p P

p

F

F Q
A







=
 

 

E(D) ε
σ

,D)+ E(D)
σ σ

                                                             (30) 

 
The rate form of constitutive equations can be expressed as follows: 
 

:ep=σ E ε                                                                   (31) 
 

where ep
E is the fourth order tangent elastoplastic tensor given by:  

 

: :

( , )

( : :

p

ep

p

p

Q F

A
F Q

A 

   
  

    
= −

 

 

E(D) E(D)
σ σ

E D E(D)

,D)+ E(D)
σ σ

                                               (32) 

 

Coupled elastoplastic damage behavior 
Under general loading conditions, plastic flow and damage evolution occur in a coupled process. Both the plastic strain 
and damage evolution rates should be determined concurrently, by applying the plastic and damage consistency conditions 
in a coupled system [36]. 
 



 

                                                                      Z. Li et alii, Frattura ed Integrità Strutturale, 53 (2020) 446-456; DOI: 10.3221/IGF-ESIS.53.35 

 

453 

 

( , , ) : : 0
p p p

P
p p

p

F F F
F  



  
= + + =

  
σ D σ D

σ D
                                        (33) 

 

( , ) : : 0
D D

D F F
F

 
= =

 
Y D Y + D

Y D
                                              (34) 

 
By drawing the constitutive equations, the plastic hardening law, and damage criterion (33)~(34), into one system, the 
plastic and damage multiplier can be determined [37-39]: 

 

3 4 1 6

2 6 3 5

1 5 2 4

2 6 3 5
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R R R R

R R R R

R R R R
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


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                                                                 (35) 

 
where  
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Y Y

D D D
. 

 
 

NUMERICAL SIMULATIONS 

 

or limestone, the below parameters are obtained in triaxial compression tests: 0 88.198E GPa= , 0 0.255v = ,

0.004r m = , 1.5k = , 1 133 = , 2 1800 = , 11.5m = , 7.5n = , 0.13 = , 0 0.00012 = , 0.00014m = , 0.25B = − ,

3 1.33 = ,
5

0 4.9795 10Y =  Pa. The dilute scheme, which is used for an elastic solid that has been weakened by an 

isotropic distribution of non-interacting closed microcracks[40-42], yields the following theoretical initial values of damage 

variable: 11 0.02D = , 22 0.02D = . 

 
Figure 2: Simulation of stress-strain curve under triaxial compressive test with confining pressure 10MPa 
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Figure 3: Simulation of stress-strain curve under uniaxial compressive test 

 

Fig. 2 and Fig. 3 show comparisons between the experimental data for confining pressure at 10MPa and 0 MPa. A strong 
connection between the numerical simulations and experimental data was obtained. Since the triaxial tests have only 
determined the parameters of model, this comparison just verifies the consistency of the parameters. 

 
 
CONCLUSIONS 
 

ur research proposes a new coupled elastoplastic damage model that addresses the coupled elastoplastic damage, 
found in the thermodynamics of semi-brittle geomaterials that have been subjected to compressive stresses. Our 
experiments applied the coupled elastoplastic damage model to a representative semi-brittle rock, namely 

limestone. The model can be used to describe anisotropic damage behaviors, elastoplastic deformation, pressure sensitivity, 
plastic compressibility and dilatancy, the degradation of elastic properties, and coupling between the plastic flow and damage 
of semi-brittle geomaterials, in triaxial and uniaxial compressive tests. The new model contains a small number of 
parameters, which can be obtained from standard triaxial compression tests. This study reveals a strong link between the 
numerical simulations and our experimental data, derived from our research with semi-brittle limestone that has been 
subjected to various loading paths. 
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