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ABSTRACT. Unreinforced masonry is the most diffused construction material 
in the major part of historical centers in Europe. In a building subjected to 
earthquake forces the contribution of in-plane shear resistance of the masonry 
walls is a determinant factor for the stability of the whole structure. In 
particular, the masonry piers are the structural elements subjected to the 
combination of normal and shear forces. In general, ductile tools to model 
the in plane behaviour of masonry are always welcome in order to evaluate 
the capacity of walls subjected to vertical and horizontal actions. In this 
framework, two no-tension approaches to model the behaviour of masonry 
walls loaded with in-plane forces, involving a minimum energy procedure, are 
presented. Both the procedures allow the representation of the stress maps in 
the panel in case of monotonic increase of shear load. The results of the 
numerical analyses are compared and discussed. 
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INTRODUCTION 
 

he analysis of masonry structures has been for years a challenging issue to be addressed, especially when seismic 
actions are involved. Masonry buildings are in fact the main part of historical centers in Italy and in general all 
over Europe [1]. These buildings are a complex arrangement of masonry walls and different structural elements, T 
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such as arches and vaults, columns and plane slabs [2]. Henceforth existing masonry buildings subjected to seismic loads 
need a correct modeling of these structural elements and their interaction [3]. In particular, especially in the cases in which 
the out of plane mechanisms can be considered absent [4], the role of the in plane behavior of masonry elements (piers 
and spandrels) and their interaction with the horizontal structural elements is a key one [5, 6]. Given the importance of the 
masonry heritage and in view of its rehabilitation, efficient and consistent tools are needed [7], especially constitutive 
models able to describe the complex patterns of cracks after static and dynamic actions [8, 9, 10]. Several constitutive 
models have been proposed in the last decades to describe the behaviour of masonry, and among them a preminent role 
can be assigned to the No-Tension (NT) model. The first approaches to the unilateral model date back to nineteenth 
century, [11], although in the indeterminate case of the rectangular table with four legs the problem was for the first time 
posed in an indirect way by Euler at the end of XVIII century [12]. The first rational consideration on the constitutive 
model were developed in the first decades of XIX century by Signorini [13]. The papers by Heyman [14, 15] considered 
the low tensile stress of masonry negligible, so that a NT material could be taken into account. He introduced the safe 
theorem of limit analysis for particular masonry structures, according to which an unreinforced masonry vault will stand if 
a network of compression forces in the section of the structure and in equilibrium with the applied loads can be found. 
This solution can be considered according the statements of limit analysis a lower-bound solution [16, 17] and was 
presented for the first time as an application to the case of “voussoir” (or segmental) arch [18], as the author pointed out. 
Since that time, and with limited exceptions [19-21] the NT problem has become an almost exclusively Italian question. 
The first rational assessment was developed since the beginnings of ’80 and mainly thanks to Italian contribute, see for 
example [22, 23]. 
The classical Heyman hypotheses of null tensile strength, infinite compressive strength and no-sliding were since then the 
basis his theory, together with the static theorem of limit analysis, used mainly for the analysis of arches and vaults [24]. 
The Heyman hypotheses and the limits of their application to masonry structures were successively discussed [25]. 
This paper presents two NT approaches to model the behaviour of masonry walls subjected to in-plane actions. In both 
cases a variational strategy is proposed. An extremum problem is in fact solved, in the first case with reference to the 
complementary energy, in the second one to the potential energy. The first method considers an approximate solution 
when small strains are involved, with the constitutive hypothesis of unilateral constraints on normal stresses. The solution 
is a kinematically consistent configuration obtained as a minimum for the complementary energy cE . The numerical 
problem is solved introducing a curvilinear coordinate system corresponding to the distribution of compression rays [26]. 
The second approach solves the problem of a 1-D element with variable cross section and symmetric shape defined in the 
panel domain and corresponding to the compressed area. The solution corresponds to the minimum of total potential 
energy [27]. The stress maps in case of monotonic increase of shear load is provided [28]. 
 
 
ELASTIC NO-TENSION MODEL 
 
General definitions 

he mechanics of masonry-like –materials, developed by Giaquinta and Giusti [22] and Del Piero [23]. Fortunato 
[26] considered the boundary value problem for a masonry-like rectangular panel, traction free on the lateral sides 
and subjected to zero body forces as well as prescribed rigid body displacements of the top and bottom bases. In 

particular, the problem is that of a NT body occupying a two dimensional regular region   (Fig. 1), with: 
 

 
Figure 1: The NT body. 

T 
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 N D  :  boundary of the body   and N D    

  

 ,N D  :   free and constrained boundary of the body  . 
 

Given the body forces b  in  , the tractions p  on N  and the displacements u  on D , the solution of the boundary 

value problem is the triplet { , }u λ b  (displacement, anelastic strain, stress) fulfilling the following relations: 
 

 equilibrium and static boundary conditions 
 

   , , on NdivT b 0 Tn p  (1) 
 

 kinematic boundary conditions 
 

 , on Du u  (2) 
 

 stress-strain law and constitutive restrictions on strain involving fractures 
 

    [ ] , tr 0 , det 0T e λ T T  (3) 
 

 normality law 
 

   tr 0 , det 0 , 0λ λ T λ  (4) 
 
where e  is the infinitesimal strain and   is the elastic tensor. The inequalities (3) lead to the following partition of the 
domain  : 
 

1

2

3

{ : tr 0 , det 0}

{ : tr 0 , det 0}

{ : tr 0 , det 0}.

    
    
    

x T T

x T T

x T T

 (5) 

 
The domain 1  is that of biaxial compression and the material has the classical bilateral elastic behaviour. In the domain 

2  the material is in uniaxial compression and can show fractures. In this case the compressive lines when b 0  are 

straight lines. In the 3  domain the material is completely inert and any positive semidefinite fracture field is possible. 
 
Variational formulation 
It has been proved [23] the existence of a strain energy density for NT materials, so that a variational formulation of the 
problem can be derived, i.e. an equilibrium configuration corresponds to a minimum of the total Potential Energy: 
 

1
( ) .

2 N
p ds

 
    u E E p uE  (6) 

 
The equilibrium displacement solution may not be unique, due to the presence of the anelastic part. A dual formulation of 

the problem has been derived by [22], with the stress field 0T  as statically admissible solution minimizing the 
Complementary Energy functional: 
 

11
( ) .

2 D
c ds

 
    T T T Tn uE  (7) 

 
defined over the convex set of statically admissible stress fields.  
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ANALYTICAL FORMULATIONS OF THE VARIATIONAL PROBLEM  
 
2-D Minimum complementary energy approach 

he analysis considers a NT masonry panel loaded with a constant vertical force and an increasing horizontal one. 
In the present approach the equilibrium solution is determined by minimizing the complementary energy (7) 
according the general method reported in [26]. The rectangular domain defined by the panel is traction free on the 

lateral sides. The body forces are null and the displacements are prescribed at top and bottom bases: the relative 
displacements of the two bases are defined by the triplet { , }U V . A reference system { , }O x y  is defined with origin 
in the panel centroid, see Fig. 2(a). 
 

                       
Figure 2: Masonry panel and displacement vectors (a); angle   with the vector rays (b); vector rays and coordinates system (c) 

 
The problem is solved considering an approximate solution over a reduced definition domain, i.e. 2 3  , that is to 

search the statically admissible stress field 0T  in 2  when the free boundary between 2  and 3  is determined. As 
above remarked, when the body forces are null, the isostatic compressive curves are straight lines, named compression 
rays. They form an angle   with the y  axis and cross the two bases of the panel, since the vertical edges are part of the 

free boundary. The curvilinear reference system for the compression rays is defined by the coordinate system  1 2{ , }O , 
see Fig. 2(c). Within the panel area an uniaxial thrust region is recognized. This compression region is determined by 
means of the complementary energy minimum. Reference is made to a normalized rectangle of unitary base and height 

/H B H  where B  and H  are respectively the real base and height of the masonry panel as in Fig. 2(a). The 

compression rays are defined by means of the slope function 1( )g  , subjected to the geometrical constraints: 
 

 

1 1
1

1 1
1

1 2 1 2
( )

1 2 1 2
( )

g
H H

g
H H

 

 

 
  

 
  

 (8) 

 

where 1  is the intersection of the slope function with the horizontal axis. The constitutive conditions: 

T 

(a)                                                          (b)                                                          (c) 
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 1 1( ) , 0
V

g U
U U

      (9) 

 

correspond to the existence of compression rays corresponds to a kinematic constraint on the function 1( )g  . The 
Complementary Energy (7) assumes in this case the form (see Fortunato, 2010):  
 

 




 


 


    


1

1

1 2 2
1

2

( )
2

1 / 2
(1 ) ln

1 / 2

c

U g V g
E E d

g H
g

g H

 (10) 

 

where the triplet ( , , )U V  represents the given set of relative rigid displacements, 
1

  and 1  are the geometrical 

bounds of the compression region and g  is the first derivative of 1( )g   with respect to 1 . The minimum of cE  is 
obtained solving the Euler equation associated to (10) adopting a multiple shooting technique, in other words looking for 

the function 1( )g   that minimizes the functional (10) with the constraints (9) and the boundary conditions: 
 

 
11( ) , ( )g g g g   . (11) 

 

The conditions (11) correspond to the upper and lower load conditions. 
 

1-D Minimum potential energy approach 
Like in the previous paragraph, body forces are null and the analysis is performed considering a NT masonry panel loaded 
with a constant vertical force and an increasing horizontal one. As the horizontal load increases, the resultant force R  is 
that corresponding to the triangular distribution with base A  in Fig. 3(a). The straight line connecting the middle points 
of the triangular distribution forms and angle 1  with the vertical axis. A partition of the entire rectangular domain due to 

the constitutive model adopted is recognized, so that the compressive stress area 2  in (5) can be assumed that enclosed 
in the polygonal domain represented in Fig. 3(b), whose geometry is defined by: 
 

 

 2cosminB A              ,             



2cosmax

B
B  

 

where 2  is the angle that the symmetry axis of the domain forms with the vertical one and in general it is distinct from 

1 . The problem is skew-symmetric with respect to the vertical axis, and the entire problem can be reduced to one-
dimensional model, i.e. a masonry strut with variable cross section and symmetric shape. The resulting problem is an 
Euler-Bernoulli cantilever beam with variable cross section as in Fig. 4(a), loaded by R . The internal forces on the beam 
are: 
 

             
 1 2 1 2 1 1 2cos( ) , sin( ) , .tan

2 3 2

B A H
N R T R M N  (12) 

 

The variational formulation of the problem in terms of potential energy ( )p uE  in (6) is used. The boundary conditions 

are defined at the beam ends of Fig. 4 (b) and in the cross section where there is a stiffness first derivative variation. The 
problem solution is in this case the triplet 2( , , )B C v v  satisfying the displacements boundary conditions and minimizing 

the ( )p uE  expressed by: 
 

 1 2 1 2

2

2 2 2 2
1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2

0 0 0 0

( ) ( , , )

1 1
( ) ( ) ( ) ( )

2 2

p p B C

L L L L

CEI z dz EI z dz EA z dz EA z dz



   

 

   
       

      
   

u v v

F v

E E

 (13) 
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where the integrals are defined over the two domains in which stiffness is continuous with its first derivative iEI , iEA , 

i ,  i  are respectively the stiffness and deformation characteristics of the beam and the external force vector is 

 1 1 1( , , )N T MF . 
 

 

Figure 3: (a) Masonry panel with in-plane load; (b) Shape of the reacting structure. 

 

Only the bending and the axial strain energies have been taken into account in the relation (13). The problem has been 
solved taking into account a fifth-order power series expansion for the angle 2  [29]. The minimum condition is given by:  

 
 2( , , ) 0B C  v v  (14) 
 
and the boundary conditions: 
 

 

1 2

' '
1 2

1 1 2 2

' '
1 1 2 2

(0) ; (0) 0

(0) ; (0)

( ) ; ( )

( ) ; ( )

B A

B A

C B

C B

v v v v

v v

v L v v L v

v L v L

  

 

  

  
 

 

 (15) 

 
with ' ( cos )JJ A   rotation angle at the cantilever support corresponding to the deformation of the masonry triangle 
PJK in Fig. 3 (a) and considered as rigid, since the real variation of this angle do not determine sensible changes in the 
resultant stress maps. 
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Figure 4: (a) Masonry strut within the panel; (b) Corresponding cantilever beam. 

 
NUMERICAL RESULTS COMPARISON 
 

he numerical tests have been performed considering a masonry wall with dimensions 900×1500×120 mm3, loaded 
with a constant vertical distributed load of 50 kN and a Young modulus of 130 Mpa. The shear load T increases 
till the final value of 27 kN (Tab. 1).  

 
 

 a b c d e f 

N [kN] 50 50 50 50 50 50 

T [kN] 0 10 15 20 25 27 

Table 1: Valu 

es of the vertical and horizontal loads on the masonry panel 

Fig. 5 reports the stress maps obtained with the 1-D minimum potential energy approach [28]. 
The case d) of Fig. 5 has been examined with 2-D minimum complementary energy approach. The top and bottom 
relative displacements , ,U V   have been derived from the absolute displacements obtained in the 1-D model analysis. 

The 2  region is identified considering that the only compressive stresses run along the compression rays. 

For the functions 1( )g  and  1( )g , as shown in Fig. 6 (b), a constant stress distribution along the rays are obtained and 
the corresponding values for the vertical and horizontal total loads are T=17.8 kN and N=50.1 kN. The approximation of 
the corresponding values in Tab. 1 for the case d is considered sufficient. 
 
 
 

T 
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Figure 5: Stress contour plots for 1-D approach [N mm-2]. 
 
 

                                       
 

Figure 6: Stress map for 2-D approach (a) and representation of the functions 1( )g  and  1( )g  (b) 
 
 
CONCLUSIONS 
 

he essential elements of two variational approaches for the in plane behaviour of masonry walls, considered as NT 
structural elements, have been presented in this paper. Both the strategies allow the representation of the stress 
maps in the panel in case biaxial loading. The 1-D approach considers a diagonal strut embedded in the panel, T 

1( )g

   1( )g

(a)                                                                                                          (b) 
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whose geometry is imposed by the NT behavior and the solution corresponds to the minimum of total potential energy. 
The 2-D approach is conversely based on the minimum of the complementary energy, with a definition of the loaded area 
as a set of compressed rays and the loading actions on the panel are obtained as a solution of the procedure. The 
agreement between the results of the two procedures is satisfying, both with regard to the reactive area and to the stress 
intensity. 
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