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ABSTRACT. The blade-disc dovetail interface in an aero-engine compressor is
characterized by a non-uniform pressure distribution which can be obtained
by an equivalent flat with rounded edge-on-plate configuration. The contact
tractions for a mating pair are affected by many parameters which include,
contact geometry, loading conditions, and material properties; with contact
geometry being one of the prominent factors. In the present work, a 2-D
elastic and elasto-plastic finite element analysis has been carried out for a
rounded contact geometry to study the influence of the radius of the corners
‘R’ and length of the flat region ‘2a’. It is observed that the peak tensile stress
in the fretting direction decreases with increasing ‘a’ (for constant ‘R’) which
is likely to delay the crack initiation. Also, as compared to elasto-plastic
analysis, elastic analysis overestimates peak tensile stress and possibly gives a
conservative estimate for the fretting fatigue life. Further, the effect of
modelling elastic-plastic behaviour is significant for low a/R ratio (for
constant ‘R’). However, opposite trend was observed when ‘R’ was varied
keeping ‘a’ constant. Also, it is found that the effect of contact geometry
cannot be characterized using a single parameter like a/R ratio or contact
area.
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INTRODUCTION

I

nvestigation of the contact behaviour is an indispensable exercise for many applications ranging from aero-engine
and automotive components to orthopedic implants, hoists, power plant and electronic components [1-6]. The
detrimental effect of a poor contact could be either loss of clearance in assemblies due to wear at the interface [2, 3,
6] or complete failure due to crack initiation and propagation at the mating interface [1, 4]. The damage gets even more
aggravated in the fretting regime where the sliding between the contact pair is of small amplitude (ranging between few
microns to about 200 microns) because of smaller contact zone size which leads to highly localized stresses. The contact
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behaviour of a mating pair is affected by many parameters which include material properties, contact geometry, and
loading conditions, with contact geometry being one of the crucial parameters. Contact geometry directly affects the
completeness and conformality of a contact. In case of a complete contact, the nominal area of contact is fixed
geometrically and is independent of normal load whereas, for an incomplete contact, the contact area increases with an
increase in normal load. Further, if the largest characteristic dimension of the contact zone (contact radius) is considerably
smaller than the smallest radius of the curvature of a mating pair, then the contact becomes non-conformal contact while
vice-versa forms a conformal contact [7].
Most of the studies reported in the literature have generally focused on non-conformal and incomplete contacts viz.
cylinder on plate configurations, with very few studies on conformal and complete contact. A flat with rounded edge-onplate contact is a type of conformal and partially complete contact. The relevance of analyzing flat with rounded edge
contact lies in the fact that it is impractical to machine a flat surface with perfectly sharp corners owing to machining
constraints which inevitably leads to corner radii. Another interesting application is in the case of an aero-engine
compressor where the contact pressure distribution at the blade-disc dovetail interface can be represented by a flat-withrounded-edge geometry [8]. While in the case of a flat punch with sharp corners, singularity is present at contact edge and
asymptotic contact pressure distribution is obtained, the rounding of the corners in a flat with rounded-edge leads to
contact pressure falling to zero at the edge of the contact. This results in a non-uniform pressure distribution with
constant pressure at the center and pressure peaks at the corners [9]. Ciavarella et al. [9-11] in one of their seminal works,
proposed the analytical solution for the contact tractions in the case of partially flat contacts subjected to oscillating
tangential and bulk load. Further, Warmuth et al. [12] observed that fretting in less conforming contacts leads to
considerably higher wear rates compared to conformal contacts. They proposed that the difference in contact pressure
because of different contact geometry was not the contributory factor for different wear rates rather it was attributed to
the effect of contact geometry on debris flow in the contact zone. Many researchers [13, 14] studied the effect of radii of
corners in the partially flat pad on fretting fatigue life and found that, in general, fretting fatigue life drops with an increase
in corner radii which was attributed to increased stresses with rounding.
In the present work, effect of both half-length of central flat region (‘a’) and corner radii (‘R’) has been studied to
understand its influence on the contact tractions and explore the possibility of quantifying the effect of contact geometry
using a single parameter like a/R ratio or contact zone size. Finite element analysis was carried out for the both elastic and
elasto-plastic case to understand the interrelation between yielding and contact geometry.

METHODOLOGY

F

inite element methods tend to be quite advantageous in analyzing the contact problems which, otherwise are either
infeasible to deal using experimental methods or prove to be cumbersome when subtle information regarding
contact tractions is required. In the present work, a two-dimensional finite element analysis was carried out for a
flat-with-rounded-edge pad on plate configuration. The geometric dimensions for flat-with-rounded-edge pad were taken
from Fouvry et al. [9] which is a scaled-down model and represents the contact pressure distribution for a real blade-disc
dovetail interface. The central flat region ‘2a’ was taken as 3 mm while the radius at the corners(‘R’) was 1.35 mm. The
plate was modelled with width ‘l’ and depth ‘b’ of 20 mm and 10 mm respectively. The model was meshed using 2-D
plane strain, first order quadrilateral elements with reduced integration (CPE4R) and triangular elements (CPE3). These
elements are generally preferred over second-order elements which give fluctuating pressure distribution for contact
problems with friction [15]. The mesh was sufficiently refined in the contact zone and mesh size of 2 µm was used while
regions away from the contact zone were meshed using coarser mesh. The geometry and meshed model are shown in Fig.
1 (a) and 1 (b) respectively. The material behaviour for the flat with rounded edge pad and plate was modelled using Ti6Al-4V which is one of the widely used titanium alloys in aero-engines for fretting prone assemblies. The elasto-plastic
behaviour of Ti-6Al-4V was modelled using Ramberg-Osgood law with material properties as given in Tab. 1 [16]. The
Ramberg-Osgood deformation plasticity model available in ABAQUS® is generally used to describe elastic-plastic
behaviour in applications pertaining to fracture mechanics and doesn’t require separate definition for elastic and plastic
segment of the stress-strain curve [17].
The Ramberg-Osgood coefficient and exponent were obtained by fitting a power law relationship in plastic strain vs. true
stress response normalized with respect to corresponding yield point values using the following equation [18]:
p

 
 
0
 0 

n
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where,
 p is plastic strain,

 is true stress,

 0 ,  0 are yield point values for true stress and true strain respectively, and
 , n are Ramberg Osgood coefficient and exponent respectively

(a)

(b)
Figure 1: (a) Schematic of flat-with-rounded-edge on plate configuration, (b) Meshed model

Young’s Modulus (GPa)

Poisson’s ratio

Yield strength (MPa)

α

n

121

0.29

677.6

0.43

10

Table 1: Material properties of Ti-6Al-4V.

S. No.
1
2
3
4
5
6
7
8
9
10

For validation of FEM
‘a’
‘R’
1.5
1.35
0.5
1.35
0.1
1.35
0.005
1.35
0.0005
1.35
1.5
0.135
1.5
2
1.5
4
1.5
6
1.5
8

S. No.
11
12
13
14
15
16
17
18
19
20

Effect of contact geometry
Objective
‘a’
Effect of ‘a’
1
2.7
4.05
Effect of ‘R’
1.5
1.5
1.5
Effect of a/R
1
ratio
0.5
2
1

‘R’
1.35
1.35
1.35
1
0.75
0.5
2
1
1
0.5

Table 2: Analysis cases for the validation of finite element model

The frictional interaction between the fretting pad and the plate was defined using Coulomb’s law of friction with a
constant friction coefficient of 0.8; a value typically observed in experimental studies [8]. Combined Penalty (for shear
traction) and augmented Lagrange (for normal contact) algorithm was used for contact formulation. The combined
algorithm has been found particularly suitable for the fretting contact problems and computationally more efficient as
compared to pure penalty formulation or pure Lagrange method [19]. A constant normal load (P) of 750 N has been
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applied on the top of the flat-with-rounded-edge pad and the pad is constrained to move in the vertical direction only.
The bottom edge of the plate has been restrained from moving in both horizontal and vertical direction.
The validation of present finite element model was carried out using two approaches: first, the contact pressure
distribution obtained from the elastic finite element analysis was compared with the analytical results proposed in the
literature [10]; secondly, the length of the central flat region and corner radii were collapsed independently to make it tend
towards the cylinder-on-plate and flat punch respectively. The results were compared with the analytical solution
proposed by Hertz for cylinder-on-plate configuration [20, 21]. Further, the effect of contact geometry was studied by
varying either ‘a’, keeping ‘R’ as constant or by varying ‘R’, keeping ‘a’ as constant. The analysis was extended further to
the elasto-plastic case to understand the interrelation between material yielding and contact geometry. All the analysis
cases are tabulated in Tab. 2.

RESULTS AND DISCUSSION

T

he analysis results from the present study are presented in three different sections as follows:

Finite Element Validation
Fig. 2(a) shows the comparison between the contact pressure distribution obtained from finite element analysis and the
analytical solution proposed by Ciavarella et al. [10]. It can be observed that the contact pressure distribution obtained
from analytical and finite element analysis correlate well at the rounded corners but show significant deviation in the
central contact zone. The possible reasons for the deviation could be: First, as the analytical solution proposed by
Ciavarella et al. [10] is an approximate solution and involves calculation of many variables through an iterative approach
which is likely to cause an error. Secondly, for higher values of a/R ratio, the half-plane idealization doesn’t hold well. To
further substantiate this argument and validate the present finite element model, the analysis was carried out with reduced
values of ‘a’. Fig. 2(b) depicts the evolution of contact pressure distribution for different values of ‘a’, keeping ‘R’ as
constant. It can be observed that, as the length of the central flat region is reduced keeping radii of corners as constant,
the contact pressure distribution starts approaching towards that for a cylinder-on-plate configuration. Further, the
solution agrees very well with the Hertz analytical solution [20] for cylinder-on-plate configuration.

(a)

(b)

Figure 2: (a) Comparison between finite element analysis and analytical results, and (b) Evolution of contact pressure distribution with
reducing ‘a’.

Also, when the radius of corners was reduced, the contact pressure distribution tends towards that of the flat punch-onplate with the deviation from analytical results [21] being approximately 8% as shown in Fig. 3.
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Figure 3: Evolution of contact pressure distribution with reducing ‘R’

Effect of Contact Geometry
The contact zone size in case of a flat-with-rounded-edge geometry is a function of two characteristic geometric
dimensions viz. length of the flat region, ‘2a’ and corner radii, ‘R’, in contrast to the case of a cylinder-on-plate
configuration where radius of the cylinder is the only characteristic geometric dimension. To investigate whether the
influence of contact geometry in case of a flat-with-rounded-edge geometry can be quantified using a single parameter like
contact area or a/R ratio, elastic finite element analyses were carried out for different contact geometries by varying ‘a’ and
‘R’ independently.
From Fig. 4(a), it can be observed that the maximum contact pressure in the contact zone decreases with an increase in ‘a’
for a constant value of ‘R’. This is because of the proportional increase in the contact area with an increase in ‘a’ as shown
in Fig. 4(b). Also, as ‘a’ tends towards zero, the maximum contact pressure approaches Hertzian pressure [20] for a
cylinder with radius ‘R’, as marked with in the Fig. 4(a).

(a)

(b)
Figure 4: (a) Variation of maximum contact pressure with ‘a’, and (b) Contact zone size variation with ‘a’

Further, the analysis was repeated by varying the value of ‘R’, keeping ‘a’ as constant. Fig. 5(a) shows the variation of
maximum contact pressure, mean pressure in the central flat region and analytical mean pressure (i.e. P/2a for unit
thickness) with an increasing value of ‘R’. It can be observed that the maximum contact pressure decreases with an
increase in ‘R’, tending towards a constant value for higher values of ‘R’. This can be explained by the evolution of contact
zone size with ‘R’ which also shows a similar trend and starts saturating for the higher value of ‘R’ as shown in Fig. 5(b).
Further, the mean contact pressure in the central flat region starts approaching theoretical value of mean pressure as
corner radius is decreased below half-length of the flat region. Also, from the slope of the curves in Fig. 4(a), (b) and 5(a),
(b), it can be inferred that effect of varying ‘a’ is more prominent on contact pressure and contact area than varying ‘R’.
Fig. 5(c) shows the variation of maximum contact pressure with a/R ratio for two different cases viz. for variable ‘a’,
keeping ‘R’ as constant, and variable ‘R’, keeping ‘a’ as constant. It can be observed that both the curves intersect at a
single point only i.e. approximately at a/R=1. Further, only single point of intersection was found between the curves of
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variable ‘a’ and variable ‘R’ when normalized contact pressure was plotted against the normalized contact area as shown in
Fig. 5(d). The normalization of maximum contact pressure and contact area has been done with respect to maximum
contact pressure and contact area obtained from the reference condition of a=1.5 mm and R=1.35 mm. Thus, it can be
inferred that, for a flat-with-rounded-edge geometry, the effect of contact geometry cannot be quantified using a single
parameter like a/R ratio or contact area, apart from the only case when both ‘a’ and ‘R’ are approximately equal.

(a)

(b)

(c)

(d)

Figure 5: (a) Variation of maximum contact pressure with ‘R’, (b) Contact zone size variation with ‘R’, (c) Variation of maximum
contact pressure with a/R ratio, and (d) Normalized contact pressure variation with the normalized contact area.

(a)

(b)

Figure 6: (a) Normal stress distribution on plate surface in X- direction, and (b) Variation of maximum normal stress (in X-direction)
with a/R ratio
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Further, for the same normal load of 750 N, a fully reversed tangential displacement of 15 µm (triangular waveform with 5
Hz frequency) was applied to the flat-with-rounded edge pad in the X-direction and one fretting cycle with elasto-plastic
material behavior was simulated. The normal stress distribution was extracted from plate surface after quarter stroke in the
forward direction.
Fig. 6(a) shows the typical stress distribution for contact geometry with a=1.5 mm and R=1.35 mm. A tensile stress peak
is observed on the trailing edge which is generally considered critical from the viewpoint of crack initiation [22]. Fig. 6(b)
shows the variation of peak tensile stress with a/R ratio for both the cases, viz., variable ‘a’, constant ‘R’ and variable ‘R’,
constant ‘a’. It can be observed that peak tensile stress decreases with an increase in a/R ratio. At a constant value of ‘R’,
increase in a/R ratio means, increase in ‘a’ i.e. half-length of the flat region, which means that as the contact geometry
becomes flatter/more conformal at the center, the tendency for crack initiation decreases. Similarly, at constant ‘a’ value,
increase in a/R ratio means, decrease in ‘R’ i.e. radius of contact edge, which implies that as the corners become sharper,
the resistance for crack initiation increases. This is surprising because in general, filleting at the corners is considered as a
measure to relieve the stresses at the contact edges but that is not always true and it may even lead to an increase in
stresses. Further, it agrees with the observations reported in the literature [13, 14] where researchers have found that
fretting fatigue life decreases with the increase in the corner radius and it was attributed to increased stresses due to
filleting at the corners.

Effect of Material Yielding
To check whether yielding of the material has any implications on the analysis presented in the previous section, finite
element analyses were also carried out using elasto-plastic material behaviour. The elasto-plastic behaviour of material was
modelled using Ramberg Osgood law.
From Fig. 7(a), it can be observed that elasto-plastic analysis results deviate from elastic analysis results for lower values of
a/R ratio for variable ‘a’ and constant value of ‘R’. This is because, with the decrease in ‘a’, contact geometry starts
approaching cylinder-on-plate configuration and thus leading to increased non-conformality of the contact. This results in
higher stresses which lead to sufficient yielding of material and hence, elasto-plastic analysis results deviate from the elastic
analysis. Further, fitting a logarithmic trend line to the contact pressure variation obtained from elastic analysis shows that
as ‘a’ tends to zero, contact pressure approaches to that of a cylinder-on-plate case with radius ‘R’ as 1.35 mm.
From Fig. 7(b), it can be seen that when ‘R’ is varied keeping ‘a’ as constant, the elasto-plastic analysis results deviate from
elastic analysis results at higher values of a/R ratio. This is because, with reduction in ‘R’, the contact geometry tends
towards the flat-punch-on-half plane case, leading to highly localized stresses at the corners. Hence, the elasto-plastic
analysis results deviate significantly from the elastic analysis results. Interestingly, the deviation between elastic and elastoplastic analysis results becomes significant only about a/R value of approximately equal to one.
Further, the elastic analysis predicts higher contact pressure and stresses as compared to elasto-plastic analysis and is likely
to give the conservative estimate for the fretting wear volume and fretting fatigue life which are dependent on contact
pressure and tensile stress in fretting direction respectively.

(a)

(b)

Figure 7: Effect of material yielding on the variation of maximum contact pressure with a/R ratio for (a) variable ‘a’ and constant
‘R’=1.35 mm, and (b) variable ‘R’ and constant ‘a’=1.5 mm.
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CONCLUSIONS

T

wo-dimensional finite element analysis was carried out for a flat-with-rounded-edge contact to study the influence
of contact geometry on contact tractions. The finite element analysis results were compared with the analytical
results and reasonable agreement was found between them. Further, the influence of geometric parameters viz. ‘a’
and ‘R’ was studied. A comparison was also made between finite element analyses carried out using elastic and elastoplastic material behavior. Following conclusions can be drawn from the present study:
 The finite element analysis results give better correlation with analytical results for lower value of a/R ratio.
 The effect of ‘a’ is more prominent on contact pressure than varying ‘R’ because of the greater influence of ‘a’ on
the contact zone size.
 The effect of contact geometry on the contact stresses cannot be quantified using a unified parameter like a/R
ratio or contact area under the present loading conditions.
 Lesser filleting at the corners is found to be more beneficial as compared to generous fillets because it leads to a
decrease in the peak tensile stresses. This is likely to delay the crack initiation and hence, longer fretting fatigue
life. Further research is required to determine the extent of filleting which can be applied for a particular contact
geometry.
 Both elastic and elasto-plastic analysis give identical results and the deviation becomes significant only when the
contact geometry starts approaching either non-conformal contact or flat punch with sharp corners.
 The elastic analysis overpredicts the contact pressure and peak tensile stresses which is likely to result in a
conservative estimate for fretting wear volume and fretting fatigue life.
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