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ABSTRACT. The exact solution of the uncoupled thermoelasticity problem for
a semi-infinite elastic layer with regard to its proper weight was constructed.
The originality of the proposed paper is based on reducing Lame equations to
two jointly and one separately, solvable equations. It allows the application of
integral transformations directly to the transformed equations of equilibrium
and makes it possible to reduce the initial problem to a one-dimensional
vector boundary problem. A special technique is given to calculate multiple
integrals containing oscillating functions that appear during the inversion of
the transforms. The character of the temperature and proper weight influence
on the value of normal stress on the lateral face of the semi-infinite layer, the
zone of tensile stress depending on the shapes of the distributed load section
and the temperature and Poisson's ratio is established. The parameters of
dimensionless mechanical load and temperature, when the separation of the
side wall of the semi-infinite layer can be eliminated, were established. A study
of the influence of the layer’s proper weight on the stress emerging on the
layer’s edge is conducted. The constructed exact solution can be used as a
model for solving a similar class of problems by numerical methods.
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INTRODUCTION

number of methods of three-dimensional problem studies in elasticity are based on representations of
homogeneous Lame equation solutions using harmonic and biharmonic functions. Such representations were
given by J. V. Boussinesq, W. Thomson (Lord Kelvin), and P. G. Tait [1] where the possibility of reducing the
number of harmonic functions to three was also considered. B. G. Galerkin presented the general solution of
homogeneous equilibrium equations for an isotropic body through three biharmonic functions. In the works of P. F.
Papkovich [2] and H. Neuber [3] a solution form containing four harmonic functions reducing the Lame equations to a

harmonic sequence with unshared boundary conditions was proposed.
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Using functions of a complex variable and integrals of Cauchy type in monographs G.V. Kolosov [4] and I. L
Muskhelishvili [5] developed an effective method for solving plane boundary problems of elasticity, which later became
classical. Although this method is not directly applicable to the spatial problems of elasticity, the apparatus of functions of
a complex variable is also used in solving problems of this class. So, G. N. Polozhii [6] proposed a method for solving
axisymmetric spatial problems in elasticity, it involves using two P-analytic functions and is an analog of Kolosov -
Muskhelishvili's complex potential method.

Another way to investigate three-dimensional problems is the method of integral equations, with its help, the existence
and unique theorems for the solution of boundary value problems can be proved. This method often serves as a basis for
developing algorithms for the numerical solution of elasticity problems. The monograph [7] is devoted to the method of
integral equations.

The method of integral transforms is widely used in spatial problems of elasticity. With the help of the corresponding
integral transform, a transition is made to a simpler problem in the domain of transforms. An extensive bibliography of
papers on the use of this method in problems of elasticity theory is given in the monograph by Ya. S. Uflyand [8].

Thus, the above methods, using different representations’ solutions through auxiliary harmonic and biharmonic functions,
which, on one hand, facilitated solving in terms of these functions, but on the other hand it causes difficulties during the
calculation of the original functions These difficulties in itself present a complex mathematical problem.

One of the basic methods to construct an exact solution for spatial problems of elasticity is the Fourier method, which is
based on the use of cutvilinear orthogonal coordinate systems that allow the separation of variables in the three-
dimensional Laplace equation for static problems. One notes that solutions obtained by the Foutier method are the initial
steps to construct solutions for problems of finite bodies bounded by surfaces described by canonical coordinate systems.
Using the method of variable separation demands different representations of the equilibrium equations solutions through
the stress functions. With the help of such representations, the original problem is reduced to solving differential
equations of a simpler structure. Each stress function in these equations is not related to the others, but it is presented in
the boundary conditions together with the others. The solution in the form of Papkovich - Neuber is used most often,
because it allows the application of classical solutions of the potential theory by solving boundary value problems,
represented in the form of series and integrals containing special functions.

Another way to investigate spatial problems is the method of eigenvector functions, which is a vector analog of the
Fourier method, this was proposed in [9]. It involves the construction of vector structure eigen functions on the boundary
surface of the bodies. With the help of this method, solutions were obtained for complex three-dimensional problems of
elasticity.

In paper [10] a method of two-dimensional singular equations for three-dimensional problems of stationary thermal
conductivity and thermoelasticity for bodies with cracks was developed, and several problems for a semi-infinite body
with cracks were solved.

A new approach proposed by G. Ya. Popov in [11] is used in this paper. The method is based on reducing Lame
equations to one independently solvable and two jointly solved equations. Moreover, the boundary conditions are also
separated, which greatly simplifies the calculation technique in comparison with traditional methods. By the method of
integral transforms applied directly to the transformed equations of equilibrium and the boundary conditions of the initial
stated problem, one reduces it to a one-dimensional vector boundary value problem, which is solved exactly. The problem
of elasticity for a quatter space was solved with this method in [12].

The elastic layer, as an important and frequently used model object, has been studied by many authors. Thus, in a static
formulation, the axisymmetric contact problems for an elastic layer and strip are considered in [13-15], various mixed
boundary-value thermoelasticity problems for a half-layer and a half-space in [16-23], layers with thermal loadings were
considered in [24] with no static loading, where the conformal mapping method was used, dynamic problems were
investigated in [25-27]. The papers [28, 29] are devoted to solving elasticity problems for bodies with their proper weight.
In paper [30] the authors investigated the propagation of thermoelastic waves through the layers and analyzed the
importance of thermally nonlinear generalized thermoelastic analysis. In [31] the size-dependent quality factor of
thermoelastic damping in a microbeam resonator, based on modified strain gradient elasticity was analyzed. The
generalized thermoelasticity theory of the Lord—Shulman model was used to derive the equation of coupled
thermoelasticity. The paper [32] is devoted to study functionally graded nanodisks under thermoelastic loading based on
the strain gradient theory, where the effects of external load at the inner and outer radii on radial displacement as well as
stress components were considered. In [33] the influence of measurement errors on the accuracy of the estimated heat
flux and mechanical load on laminated functionally graded plate was investigated. Thermo-elasticity problems of
functionally graded materials were evaluated in [34]. In [35] an exact solution for thermoelastic deformations of
functionally graded thick rectangular plates was derived. The contact problem of two semi-infinite Kirchhoff plates on the
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elastic layer is considered in [36]. The contact stresses concentrations between the plates and the layer was studied, as it
can induce destruction of the engineering structure. The advances in the use of thermoelastic stress analysis for fracture
mechanics assessment were reviewed in [37]. The development of techniques to determine stress intensity factor was
presented, followed by the application of these techniques to fatigue crack growth.

The work [38] investigates the behavior of a Transvers Crack Tensile specimen undergoing fatigue loading, by means of a
Thermoelastic Stress Analysis experimental setup. The information on the stress distribution settling near the crack tips
and its evolution with crack growth under fatigue is provided.

A review of the above papers shows that the problem of constructing an exact solution for problems of an elastic layer
remains open, despite the variety of methods and in particular numerical solutions. The results obtained, based on the
exact solution of the spatial problem can be used as the basis for solving problems by approximate numerical methods.
This dictates an increasing interest in the development of analytical methods to solve three-dimensional elasticity
problems and in particular for a layer as the most important model object.

The purpose of this paper is to establish the changes in the fields of displacements and stress of the semi-infinite elastic
layer for the effects of different types of loading, in particular temperature, mechanical loads and proper weight. Earlier in
paper [16], the problem of stationary heat conduction and the elasticity problem for a layer were solved separately. It was
stated that using this technique makes it is possible to solve the problem of uncoupled thermoelasticity, which was
accomplished in this work. Solving this task requires use of the Green function apparatus, moreover, the Green matrix
function, which has not been used for the problems of this type. The proposed work consists of a new approach that
makes it possible to obtain an exact solution of mixed uncoupled thermoelasticity, which can be also applied to solve
analogical problems with much more complicated boundary conditions.

THE STATEMENT OF THE MIXED UNCOUPLED THERMOELASTICITY PROBLEM
et’s consider the elastic semi-infinite layer (Fig. 1) occupying the area
O<x <o, —0< y<0,0<z<h )

x, J, % are the Cartesian’s coordinate system

Figure 1: Geometric model of the problem

The conditions of an ideal contact are given at the layer’s edge x =0 and at the lower face g =0 - by this, the authors

mean frictionless contact conditions. At the same time, these faces ate thermo-isolated. The known temperature
T(x,9,3), found eatlier from the corresponding thermoconductivity problem, and pressure load p(x, y) both
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distributed on the segments x €[0,.A4], y €[-B,B] are applied at the upper face g =4 . The proper weight of the layer

should be taken into consideration.
The stated problem for the semi-infinite layer is formulated in terms of the boundary value problem

GAu + (A +G)O' + X(x, 9,3)=(BA+2G)aT’
GAV +(A+G)® +Y(x, 1,3)=(BA+2G)aT’ )
GAW +(A+G)O +Z(x, y,32) =3\ +2G)aT’

o0 o 0 * . x
Here A=——+—_—+— is a Laplace's differential operator,u =u# _(x,1,3), v =#,(x,0,3), W =#4.(x,),3) -
Ox~ 0y 0% :
) of , Of . of , .
unknown displacements, 6_ =f, 6_ =/, 8_ =f, X,Y,Z are the components of the proper weight force. A, G are
X 2y ¢

Lame's constants and @ =u' (x, 1,2)+V (%, 1,3) +W’(x, 7,3) is a volume expansion, « is a coefficient of linear
expansion.

One must solve the boundary value problem with the following boundary conditions. The conditions of an ideal contact
are given at the layer’s edge x =0 and at the lower face =0

=0, 1

R lx=0 B

=0 ©)

x=0

=0, r@,\ =0 C)

T =
2=0 > 2=0

The pressure load p(x, y) distributed on the segments x €[0,.4], y €[—B, B] is applied at the upper face g =5

=0, 1 ‘
2=h >y 2=h

o ==px.0 T =0 ©)

z=h

The authors propose to solve the previously the stated problem for the subcase when the unit normal loading is applied to
an arbitrary point on the upper face of the layer. The solution to this problem could be used as an influence function to
construct the solution for the stated loading. For this subcase the boundary conditions (5) take the form

o,|  =-8(x-a)d(y-b).

z=h

o =0 7], =0 ©
d(x) - Dirac’s function.
The field of displacements and stress should be found. The temperature T'(x, y,%), on the right hand parts of Lame’s

equations (2), is unknown. It’s needed to solve the corresponding thermoconductivity problem for the layer (1) with the
same Lame’s constants. These values will be used as known in further calculations.

STATEMENT AND SOLVING THE CORRESPONDING THERMOCONDUCTIVITY PROBLEM FOR A SEMI-
INFINITE LAYER

I t’s necessaty to construct a solution to Laplace's equation decreasing on infinity

AT(x,2,3)=0, A= +5+ 5 (7)

It is supposed that edges x =0 and g =0 are thermo isolated
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6T(X’ J/’ z) — O aT(X9 .)}’ z)

> =0 8
aX x=0 az ( )

=0

Here function T'(x, y,%) is the unknown temperature of the layer.

At the upper face g =/ of the layer, the temperature is given along the segment x €[0,.A4], y €[—B, B]

T(x, 0,0)= f(x, ), x€[0,A], y €[-B,B] ©)

The integral transform method is used to derive the one-dimensional boundary problem. The Fourier cosine transform
with regard to the variable x and full Fourier’s transform with regard to the variable y are applied consecutively to the
Laplace equation (7) and boundaty conditions (8, 9). It leads to the one-dimensional problem at the transforms' domain

T~ N'T5()=0, 2 €(0,4) (10)

T;ﬁ(o) =0, TaﬁU?) = fmﬁ

where f,, = J. If(x,y) cosox ¢ dydx, N> =a’ +B°, a, B are Fourier’s transform parameters. Usage of the general
-0 0

solution of the equation (10)
Tp(2)=ChNz + C,ebNz, C, =0, C, = f0 / bNb

leads to the final solution in the transform domain, where the inverse integral transform was applied

. [sz -cosoux-¢ P dadp (11)
o

T, %) =22 [ fup
0 —o0
The final solution of the stated conductivity problem (7-9) is presented in the form

N7 () S| 1—1; )sin(7Bt, )
i - 2§ o)

/6310

cos(z‘x‘/l —1; )cos@/’t/< )dt (12)

tA\/l—Tfe Br,

where T\ are zeros of Chebyshov polynomials of the first kind, C is the constant value of temperature, distributed
along the segment x €[0,.4], y €[-B,B].

A more detailed derivation of the formula (12) is given in the Appendix 1.

An important property

2
Cc Y 1 «/1r+r c

2N = ‘c,e\/l—r \/l T B

13)

was obtained based on solution (12) and will be used for calculating stress at the corner point of a layer. A more detailed
derivation of the formula (13) is given in Appendix 2.
The next step is to find the solution of the problem for the elastic layer —00 <x <00, —00< y<00,0 <z </ under its

proper weight.
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THE DERIVING OF NORMAL STRESS WITH REGARD TO ITS PROPER WEIGHT

v

o solve this problem, the displacements u’, v, w' will be searched as the function depending on the variable g

u' = £,V = ARV = LR) (14)

Because of problem’s symmetry one can take u’=0,v'=0. Hence, the tangent stress T, =0. That's why the

displacements were taken in the form (14), the boundary condition of the ideal contact (3) is satisfied automatically at the
edge of the layer.

The function w' satisfies the Lame's equation

b

Aw"+u0(®+w¥') +y=0 (15)

where Y=q, /G, q. is the weight of an elastic material, p, =(1— 2w
The face 7 =/ is supposed free of stress

¥ — — —
0‘ =0,1 =0,1 ‘ =
Rle=h > TR =y L )

The lower face g =0 is in ideal contact conditions

WY| =0, T__
=0

Finally, one gets the boundary problem

(I+n) () +v=0, 0<z<h

£(0)=0, £ (h)=0
The solution has the form
w'=(1+p,) v (x5 /2)
Hence, the stress 6" for the layer with regard to its proper weight is constructed
ol =pu(l-W 'g.(h—-3) (16)
The solution of the initial stated problem (2-5) will be searched in the form
u =u+u, v =v+v,w =w+w', 6.=0_+0" (17)

Here u(x, y,%),v(x, ,3),w(x, 9,%), 6.(x, y,%) are displacements and stress appearing in a body without regard to its
proper weight.
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REDUCTION OF THE INITIALLY STATED UNCOUPLED THERMOELASTICITY PROBLEM TO A ONE-
DIMENSIONAL VECTOR BOUNDARY PROBLEM

O ne neglects the volume forces X, Y, Z . So, Lame's equations (2) can be written in the vector form
Auvw) +1, (0,00 )=p(T'17,T") (18)

here p =20, (1+ 1) = aup "1, = O, .
The boundary conditions ate

G%L:/f =8 —a)B(y-h) 1|, =0, %L/ =0
=0, 1, =0t | =0 (19)
WL:O =0, T 2=0 =0, T?J’L:o =0

Let's reformulate the boundary conditions (19) in terms of displacements, taking into consideration well known
formulas connecting the displacements and stresses [20]

M[u'(x,y,b) +v (X,J,b)}r(l — W)W (0, 3,5) = p(2W,) " T, y,h) = =8(x = a)d(y —b) / (2GH,)

w(x, 9,0)+w'(x, 3,h)=0, W (x, y,h)+ v (x, 3,h) =0 0)
u(0, y,3)=v'(0, y,3) = w'(0, 3,3)=0

w(x, 7,00=0, w(x,,0)+w'(x,,0)=0, w'(x,,0)+v(x,y0)=0.

The idea is to reduce the Lame's equations (18) to one independently and two simultaneously solving equations, subjected
by separated conditions (20). The unknown functions

Z(X’J}’ z) = u’(x7]’z) + V‘ (X’J}’z) > S(x’)j’z) = V,(X’\)j7z) - u‘ (‘X"y’z) (21)
are input accordingly to [11]. The Lame's equations system (18) is separated on the system of two equations

AZ+n Y, (Z+w)=pV T, V =L+ L

(22)
Aw+p, (Z+w) =pT’

and independently solving equation AS =0.
The boundary conditions (20) after separation procedure will take the form with regard to the new functions (21)

Z’(Os]sz) =O’ W’(O’J}’z) =Os S(OJ,Q) =0
7’ (x, 9,0)=0, w(x, y,0)=0, S(x, ,0)=0 (23)

V., w(x, y,h)+ 7’ (x, 9,0)=0, 8 (x, y,h) =0
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“Z(X,J/,/?)-{—(l—},l)w’(x,_)/,/?)=—(2Gu0)71 S(X_‘Z)S(J_‘]7)"'p(2“o)71 T<X’)/’/?)'

In the domain of Fourier’s transforms (the cosine transform with regard to the variable x and full Fourier transform with
regard to the variable y) one can derive two boundary problems. First, it is formulated for the unknown function

S(x, 9,3)
Sp’ (2) = N85, (2)=0, 0<z<h, S, (h)=0, $,,(0)=0

It’s obvious, that this problem has a trivial solution S, (2)=0, and, hence, S(x, 7,3)=0.

For the functions Zg, ({), W, ({) the one dimensional boundary problem is stated

L,y()=£(z),0<z<h

U,[y@ =% U[y@]=v @4

here L, is the differential operator of second order

L,y(z)=1y (0)+1,Q¥ ()~ N'Py(x)=£(3), 0<z<)

0 u' 20 T, Vg (3)
I is unit matrix, Q= 5 " , P= H , f()=p Eu ® , ¥(2)= P is the unknown vector of
NG 0 0 “NT,, (2) 234

transforms.
The boundary functionals U,, 7 =0,1 are written in the corresponding forms

Ulyl=Lyz)+Ly(z) =1,

U lyl=Ay(z)+By'(z) =Y,

[1 oj [o oj (—NZ OJ [0 1)
I, = 1= JA= ,B=

0 0 0 1 0 p I-p 0

0
Yo=Y ( -(2GY, )71 cosouz-¢® + p(ZMO)A Ty, (b)j

The solution of the problem (24) is searched in the form [37]

- N\ W,’So( (%) _ f
Y=, " f G(z,0A(8)E+ W, )y, + W, )V, (25)
o z) 0

where G(z,&) is Green matrix function, W,(3), 7 =0,1 are the basis matrices.
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THE CONSTRUCTION OF THE MATRIX FUNDAMENTAL SOLUTION SYSTEM, THE MATRIX BASIC SOLUTION
SYSTEM, THE FUNDAMENTAL MATRIX AND GREEN MATRIX FUNCTION

ﬁ ccording to [39] the basic matrices are the solutions of the boundary matrix problems
LZlP/_ =0, U, [qu (%)] = 65 (26)

0, is Kronecket’s symbol.

7

The basic matrices are constructed in the form
W, () =Y.()C +Y.(3)C;, i=0,1

where Y_(g), Y, () are the matrix fundamental solutions of the homogeneous equation (26) correspondingly decreasing
and increasing in infinity.
The algorithm of fundamental solutions Y_(g) derivation is described in [37], where the method of fundamental matrix

equation is also indicated. According to this approach, the solution is searched as the contour integral [39, 40]

Y(3) =55 [ "M (5)ds @7
<
where contour C covers all poles of the matrix M (5), where M(s)=Is* +p Qs — N°P, detM(s) = (;2 - N? )2 ,
s=%N. Let’s calculate matrix M (s) =M (s)/ det M(s), so (27) will be transformed

Y(2)= 25 [ ——=M ()

o)
here M (5) is a union matrix. With the help of the residual theorem, one derives

R

_Spof Y R -
Y(%)—/Z:(;r (d{] ]1({% Ji(Z) Re (5—N)2(§+N)2, +N

IR =N (N +1), g, () =(4N")" e (Nz - 1)

2
DI, p(5)=s5"-2N"+N" or

. (8) =0

Here, to find matrices T, j=0,2 one uses the fact, that M'(s)=

2

I-p,(5)= M(I)Zr(i)si . Using that coefficient near the same exponents should be equal, the matrixes Y, 7 =0,2 are
=0

found

% = I, T = _“UQ’ 0= _N?P.

As a result, the fundamental matrix system is derived

FN: _NziK J—“Mj%
Y. (2) = K¢ \%( N2 4 _
FN2 po (NzFx)
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K=3-4p.

The unknown constant matrices C?, Ci, 7=0,1 and Y;(z) are shown in Appendix 3.

The basic matrices are expressed by the formulas after transformations

O
Y, (z)= _( 21 (22)
Dy\vi™ v,

where Dy =2sh(2Nh)+4Nh. The components of the matrix (28) are shown in Appendix 4.

The expression for Green’s matrix function is proposed in [39]

G(z,8) = P(,0)~ ¥, () Uy [P, 9)] -, (x) U, [®@z.8)]

where ®(z,£) is a fundamental matrix of the corresponding homogeneous equation (26).

(28)

(29)

For the construction of the fundamental matrix @(3,8), let’s continue the function y(g) on all the real axes and apply

the Fourier integral transform

o = | )"z
The same transform (30) should be applied to the equation in (24)
—0’1 ), ~p,Qicy, ~N°P y, =f,
Hence, one derives
Jo=M"(=i0)f,
After the inverse integral Fourier transform the correspondence for y(g) is obtained
IR)=% [ [ M (io)f, P dodg

According to the fundamental matrix definition, this matrix is
D(z-8) = [ M (=io) " do

Or after changing the variable s = —/o, the matrix has the form

M) s 37630

(D({_E,J:i#j(J‘z_Nz)z > {—&<O

C.

(30)

G1)

(32)

here C, are the closed contours that cover the poles s = i|N| or 0 =FiN . The residuals at c=7N and c=—/N are

correspondingly equal

¢, =¢V (AN (1-Ny), = VAN (1+Ny), y=x-&

(33)
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The matrices @, are searched with the help of the matrices (32)

D, = I(Pi” - HOQ(piI - NZP(Pi (34)

After substitution of the expressions (33) into the equations (34), uniting these results, the fundamental matrix is
constructed in the form

Ne=g (N — E| - 1o
LL,e z—&l-x Ho(x-9)
D(z, é) = 0—[ | 2 | -1 (35)
AN -N'(z-8 w'(Ngk-¢g-x
According to the formula (29) the Green’s matrix has the form
S i (e R B - N IR (A 56
AN [ ANy W (NR=gmR)) 2ND 9 ¢

where components ¢, 7, j=1,2 are shown at Appendix 4.

Finally, the solution of the vector boundary problem (24) in Fourier’s transform domain is constructed with the formulas

we, (2) =~ P2 [N (Ng — 8+ T, (8) + 1 (k- NPT, (8)) dE -

4N
’ P T, (h)
__Hop (11)T' _NZ (12)T J +cosOm ¢ F(N _pLF N
D, O{¢ L(8) = N*T,, (&)}dg AT N O

(37)
Zm)=—%"je“‘"*‘“N{(z—é)Tg;@+u?(le—&l—K)Tm@}da—

’ P “T,,(h)
_ HoP (21)T/ _ NZ (22)T JE + cosQa-¢ F(N _pL
anp RO NPT Qe+ = P BN -

N N

F,(N,z)

where
%E(N,z)=(z+b)f/9N(/?—z)—(/9—z)f/?N(/Hz)—uf%(MN(H%)—MN(/?—%))

LF,(N,2) = Nz +H)bN(h =)+ N(h = )bN(h +2) i, (hN(h +32) + hN(h - 3))

Dy, =2sh(2Nh)+4Nbh

DERIVING THE DISPLACEMENTS AND STRESS FORMULAS IN THE TRANSFORM DOMAIN AND THEIR
INVERSION
o, the transformation of the solution is constructed in the form of superposition

()= 2 W) Zpu(R)= 2 2 R,

where

778



¢
o
A. Fesenko et alii, Frattura ed Integrita Strutturale, 48 (2019) 768-792; DOI: 10.3221/IGF-ESIS.48.70

W, (%) _ cosoz - ¢’ (E(Na%)J (38)
Z,z)) 26D, \E(N,3)’
[w;(z) z_p-Tw)(E(N,z)j )
Z, ) 2D, \B(N,R))
functions F(N,z), F,(N,z), D, are defined in (37).
W, @)= ~ER [ (N g ) 1)+ 1 (G- ON T, (B)) -
Hop [ 11 ! 21.(12
—MU{& T (&)~ N*§'T,, (8)}dE,
(40)

2,0 =P [N - 9T+ (N -8 - 0) L) d -

P [ (g e
“anp, | BT @ - NI @)

In detail, the inversion of the Fourier transform for terms of the form (39) is described using the example of the term

W; (z) . Proceeding from the boundary condition in (10) of the stationary heat conduction problem considered in part 3

of the article, one gets Ty, (h) = f;, = j J-f(é,n)e’p" cosa&dndE . Then the representation of the term Wga (z) will take the

-0 0

form
2 __ P OMOE(N»%)OMO iBn LBy
w(x, ,2)= —an _'[OI').—DN :[O_(‘:f(isn)e cosa& e ™ cosoxdBdodnd§

Changing the order of integration, using the formula (401.06.,[41]), and application of the Euler formula allows to simplify
the term Wg“ (). The temperature is assumed to be constant, distributed over a finite interval —-B<n<B,0<&< A,

which leads to the expression

wi(x, y,2)=— ZC; jﬁ f T T Me_iﬁ(”’_”) (e_i“(x+é> 4T )dnd?’;dﬁd(x (41)
n -B 0 -0 -0 Df\

Further, using formula (A3) in the Appendix 1, correspondence (41) can be written as

C 1Tt F(t3)
wz(x,y,z)=—p4n [1] ]1)’% (8, 3, E)dNdEde | D, = sh(24)+ 2
-B0 O

t

Applying the procedure for calculating multiple integrals of the Bessel function to internal integral, one gets

(y)cos(#x cosy)cos(tysin Y )d\ydt

20-C % 1-F(t,
WZ(XL}’%)Z_ 2 II 1( z) SIA)B
00

t
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The formulas
u, () =aN"Z,[R), v (R)=BN"Z,(3)

were used to find the originals of the displacements u’(x, 7,%), v>(x, 1,3)
So,

p-1,(h) a

o p-1s(h) 8
2D, N?

2
u{Sa ({) == 2D Nz
N

F,(N,3), v(R)=- F(N,3)-

By analogy, it was found
) 2p-C( 0O
W) =—5 o2
T Ox

V(v py7) = 22 C( jj | = L, %) §78 () cos(x cos ) cos(# sin W ) d.

TC 00

J' L) S (y) cos(#x cos ) cos(#ysin y )y dt,

t-D,

S N——

0

Let’s consider the terms containing the integrals in (37). Using the solution of the stationary thermal conductivity problem

. . o . . ¢hNE T shNE
10), the temperature transformation and its derivative are written in the form T, =N .
( ) p (g) _f[.%tx bNb ﬁa(g) .fﬁoc ANb
After substitution of this transform into (40), the formula for W;a () was constructed
. _ P
Wi ()=~ fmJF@; &, N &
here F(z,E N) = Nk {(N| )+ k) INE+ i (BN /?N&} O"VshNE — NO"ehNE
where = s c .
€ NG I~ G D
In order to find final expression for displacement (40)
W, 9,%) = —4 Py, j j j F(z,6, N ™ cosaxdBdade (42)

-0 00

the representation of the function /g, should be substituted into (42)

w(x, 9, z)-—j:tp J'J'f(C T])T TiF(z E, N ¢ cosoux cosaldndCdBdadt.

Using formula (A3) in the Appendix 1 and (401.06., [41]), it was derived

b

W, 05)=—F gﬂc [T P i nemandgade,

where the temperature is defined on a finite interval and supposed to be constant C .
Further, after changing the order of integration, and calculating the double integral of the Bessel function, the integral is
represented in the form
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w’(x, 7, z)—uop < 1 TjF(i,t,ﬁ)cos(fx«/l—‘ci)cos@rk)-ﬂzf;f”l)dldé

leé\/l
uopb 9 [aj 1

N
_N;t\/ T

Ox
The expression for displacement v’ (x, 7,7) can be constructed by analogy.

© )

u’(x, 9,3)= J.IF(z‘ T,ﬁ)cos( =1= T,ﬁ)cos(i )wﬂdﬁ

The expressions (38) correspond to the solution of the problem of a semi-infinite layer loading. The normal stress is
constructed by the formula [20] in the form

o’ (x, y,2)= /1 7 I [RAG ") z +Deht(1—2)+(1—z)eht(1+ z)} dr+

k=1 é l

N

jF(f’ ) o142+ shi(1— )}

;?; T, qll Té 0 t

The final solution of the initially stated uncoupled thermoelasticity problem for a semi-infinite layer with its proper weight
was derived in the form

T+AB

6.(x, 0,2 =0, " (x, 3,3) + 201 = W h(1-3),

T+AB

(x,2,3)=6."(x, ,3)-(1=GpC) =

_ZGpCué Ll Ul (O A AL k)Fd ar + [RiG k)Fd dr
N ;t\/l T, ?[?[ : ;T\/l kll"'([ i |

where the functions F, F, are defined in Appendix 5, p=ap., & is a coefficient of linear expansion, D, =sh2¢+ 21,

F(z,7,) =sin(z‘A,ﬂ11—‘ti )sin(lBh‘cé)cos(bcwll—‘cZ )cos@/bté).

DISCUSSION AND NUMERICAL RESULTS

1/C%, g, = 0.00896 kg/m? Glass — w = 1/4, G = 26.2 GPa, « = 6 -106 1/C, g, = 0.00119 kg/x?; the layet’s
thickness » = 1 s

In all diagrams and tables, the units of measurement for stress are Pa;

The investigation of the influence of the load area shape on the stress was catried out for the case of unit temperature.

For glass, in Figures 2, 3 the distributions of normal stress 6_°, """ along the lateral wall of the layer for 0<z </

D uring the calculations, two types of materials were selected: Copper — uw = 1/3, G = 44.7 GPa, o = 16.5 - 10¢

depending on the shapes of the distributed load section and the temperature are represented. Here 6" indicates the
p g p p p

x

4B+1

normal stress caused by mechanical loading, distributed over the site x €[0,.4], y €[-B,B], — normal stress

under the action of distributed load and temperature influence.

The case B=2.A corresponds to the distribution of compression loading on the layer’s face =4 along the rectangle,
elongated along the axis y; B=.4/4 — along a rectangle elongated along the axis x ; B=_.4/2 — quadratic spread.
These graphs correspond to the case for glass. The stress graphs for copper, where p=1/3, are similar, but with larger
absolute values. So, they are not shown here.

As it can be seen from the graphs, in the case of a shape B= .4/ 2, maximal compressing stress is observed. In the case
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of size B=2. the stress has minimal values and the separation of the layer from the side wall takes place. Stretching
stresses are greater for the case of size B=2.4 in comparison with the form B=_.4/2. Taking into account the
temperature influence, one can note increasing compressing stress values and reducing tensile stress values.

—_—

A ~<
0.0531 0.2 0.4 >~ 1 a3
~o :
N 1
N 1
-0.0073 1
\ 1
N\ 1« 7T~ B=24
-0.0085 \\ !
v B=A/4
04046 fmmmmmmmmmmmmm oo oo o SN N A
: B=A/2
05073 [fmmmm e oo s s oo s NS !
J
B el
Figure 2: Distribution of normal stress 6" (0,0,7)
A
0.0482 [————=402__ 04 1
>
-0.0108 e p—oy
0.0140 B=_A4/4
04122 B=A/2
-0.5008
-0.5948

Figure 3: Distribution of normal stress 6" (0,0,%)

It was also important to establish for which materials and loading sites a delamination of the side wall of the layer
occurs. It was found that the separation of a semi-infinite layer from the side wall is not observed when the ratio
P/C 212, where P~ the dimensionless intensity of constant mechanical loading, C — the dimensionless temperature.
The side edge of the semi-infinite layer is detached for Poisson's ratio values 0 < <0.33 at the size B=2.4 and for

values 0 < <0.23 at the size B=_.4/2 (Fig. 4).

o BT h=1

x

0.1276
'=ﬁﬁ::§2:igi 0.4

-0.2018

-0.3671

Figure 4: Distribution of normal stress depends on Poisson's ratio values
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The layer separation was observed in different cases of Poisson's ratio values. It was established which values of
coefficient lead to the delamination of the lateral face of the semi-infinite layer. In these cases, the linearity of the problem

is violated and the statement of the problem is not correct.

B=A/2

< 0 0.2 0.4 0.6 0.8 1

u=1/4 | -0.0085 | -0.0217 | -0.0646 | -0.1454 | -0.2708 | -0.5008
c.(0,0,5)

u=1/3 1 -0.0340 |-0.0493 | -0.0991 | -0.1934 | -0.3421 | -0.6006

u=1/4 1] -0.0081 | -0.0213 | -0.0644 | -0.1452 | -0.2707 | -0.5008
L+W
Gx (O’O’z)

u=1/3 ] -0.0295 | -0.0457 | -0.0964 | -0.1917 | -0.3411 | -0.6006

‘ u=1/4 -0.0140 | -0.0262 | -0.0689 | -0.1501 | -0.2771 | -0.5086
L+T
Gx (O’O’%)

n=1/3 -0.1087 | -0.1145 | -0.1609 | -0.2584 | -0.4193 | -0.6981

u=1/4 -0.0135 | -0.0259 | -0.0686 | -0.1498 | -0.2766 | -0.5086
LAT+W
Gx (O’O’%’)

p=1/3 -0.1042 | -0.1109 | -0.1582 | -0.2566 | -0.4183 | -0.6981

Table 1: Normal stress along the axis g

B=2A4

< 0 0.2 0.4 0.6 0.8 1

u=1/4 1 0.0531 | 0.0379 | -0.0085 | -0.0853 | -0.1860 | -0.4046

c.(0,0,3)
W=1/3 | 00283 | 0.0130 | 0.0336 | -0.1109 | -0.2120 | -0.4317

u=1/4 1 0.0535 | 0.0382 | -0.0082 | -0.0851 | -0.1859 | -0.4046

L+
G.‘C (O’O’z)
w=1/3 ] 0.0327 | 0.0166 |-0.0309 | -0.1091 | -0.2111 | -0.4317

p=1/4 0.0482 | 0.0339 | -0.0120 | -0.0889 | -0.1903 | -0.4122

L+T
c.” (0,0,3)
u=1/3 | -0.0313 | -0.0367 | -0.0778 | -0.1578 | -0.2709 | -0.5292

pw=1/4 | 0.0486 | 0.0342 | -0.0118 | -0.0888 | -0.1902 | -0.4122
LAT+W
o (0,0;3)

p=1/3 -0.0268 | -0.0332 | -0.0752 | -0.1561 | -0.2700 | -0.5292

Table 2: Normal stress along the axis g

The values of the normal stress are given in the tables (1)-(3) for the following parameters: the thickness of the layer 4 = 1
and unit temperature. They are investigated depending on the form of the load and temperature distribution. For
convenience, the following notations are introduced:

I . .
o, — the stress that occurs under the action of a compressive load,;
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o """ — the stress that occurs under the action of a compressive load with regard to the proper weight of the
layer;

qu — the stress that occurs under the action of a compressive load with a distributed temperature;

o """ — the stress that occurs under the action of a compressive load with a distributed temperature with

regard to the proper weight of the layer;

B=A/4

< 0 0.2 0.4 0.6 0.8 1

u=1/4 1] -0.0073 | -0.0156 | -0.0439 | -0.1042 | -0.2291 | -0.5737

5.(0,0,3)
W=1/3 | 00220 | 0.0318 | 0.0656 | -0.1389 | -0.2952 | -0.7276

u=1/4 1 -0.0069 |-0.0153 | -0.0436 | -0.1041 | -0.2290 | -0.5737

L+
o, (0,0,3)
pu=1/3 | -0.0295 | -0.0282 | -0.0629 | -0.1372 | -0.2943 | -0.7276

u=1/4 -0.0108 | -0.0186 | -0.0471 | -0.1501 | -0.2771 | -0.5948

L+T
o, (0,0,3)
p=1/3 -0.0706 | -0.0783 | -0.1193 | -0.2135 | -0.4141 | -0.9970

u=1/4 -0.0104 | -0.0182 | -0.0468 | -0.1085 | -0.2368 | -0.5948
L+T+W
o, " (0,0,3)

p=1/3 -0.0661 | -0.0747 | -0.1166 | -0.2117 | -0.4132 | -0.9971

Table 3: Normal stress along the axis

It can be seen from analysis of these tables that the separation of the layer from the rigid wall arises in the case of the size
B=2.4. This case corresponds to the distribution of temperature and loading elongated along the y axis by a rectangular
spot. Here the stresses ate higher for the case of Poisson's value p=1/4.

The influence of loading begins to have a significant effect on the absolute value of the stress at about 2/ 3 of the layer
b height. This pattern can be traced for any shape of the loading area and Poisson's ratio.

The investigation of the loading spot’s shape was provided with the aim to establish what ratio of length and width causes
the maximal value of normal stress. It was established that maximal stress, equal to —0.7276, arises on the side wall of the
layer as a result of the mutual action of the distributed load and proper weight of the layer. It has place in the case when
the load is distributed along a rectangle elongated along the axis x , when p=1/3.

The maximal value, equal to —0.9971, the stress treaches when B=_.1/4, when the load, temperature influence and
proper weight are taken into account, i.e. the stress practically becomes equal to the acting load. In all cases it is clear that
taking into account the proper weight of the layer reduces the values of the compressive normal stresses on the side wall.
The combined influence of temperature and external load increases the stress on the lateral face of the layer compared
with the case when only the external mechanical action is taken into account.

CONCLUSIONS

solution of the uncoupled thermoelasticity problem for a semi-infinite layer taking into account its proper weight.

T he proposed new method, based on the Green’s matrix function apparatus, made it possible to obtain the exact
The engineering computational formulas for the displacements and stress of the layer were obtained and the

784



¢
f’rd
“ A. Fesenko et alii, Frattura ed Integrita Strutturale, 48 (2019) 768-792; DOI: 10.3221/IGF-ESIS.48.70

mechanical characteristics that arise at certain ratios of the distribution spot, where mechanical loading and temperature
are acting, were revealed. The resulting formulas can be used as models for estimating the validity of the new approximate
numerical methods to solve mechanical problems.

The analysis of the calculations establishes the geometrical parameters of the loading spots shape sections, when the effect
of the layer’s edge separation from the wall is observed. It was found that the appearance of the tensile stress is
sufficiently dependent on each material from the shape of the loading spot. It was also revealed at what values of the
Poisson's ratio the separation of the layet’s wall is observed and the problem’s statement becomes incorrect. It was
determined that taking into account the layer’s proper weight reduces the stress values. The presence of temperature load
increases the value of stress in comparison with the case, when only a mechanical load is applied. The analyses of stress
for different shapes of the loading spots as with, so and without layer proper weight indicates that maximal the value of
the stress is observed when the shape of loading spot is quadratic.

It should be emphasized that the frictionless contact conditions at the layer’s edge made it possible to obtain an exact
solution of the problem. In the case when the edge is rigidly fixed to the wall, the initial problem is reduced to an integral
singular equation. The developed methodology allows a number of extensions. This approach can be used to solve a wider
class of problems, when different boundary conditions are fulfilled on the faces of the layer or when the load is non-
stationary one. Analysis of some cases of steady-state loading is already in progress.
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APPENDIX 1. DERIVING THE FORMULA (12) FOR THE TEMPERATURE FUNCTION

The corresponding formula for fie, fos = J J Flx, y)cosox - P dydx is substituted at (11) and the order of integration
—0 0

operators is changed at (11). To calculate the integrals exactly, the formula (1.314(3), [41]) is used
T(x,,3)= fj I (J j f(E,n)cosag - e’B"dﬁdn] -cosoux e P dodP (A1)
0 -0\ 0 -

Let’s consider the internal integtrals at formula (A1). One must use the fact that functon f(&,m) is the even one and to

use Buler’s formula. After some additional transforms the solution of the boundary value problem (7-9) is written as

T(X,)/,{) _ #T T f((\;,n)[T T% [e—/u(wri) + eiu(xi)]giﬁ()ﬂ)dadﬁ}&dn (A2)
0 —o ~0—0

One should note that value N at the solution (A2) is defined as N> =a’ +B>. It gives opportunity to simplify the
expression (A2) with the formula [40]

%T T F(\/az +p )e*"“”ﬁfdadﬁ - Tz‘F(z‘) 7 (;,/xz + 5 )dt (A3)

where [ (#) is a Bessel’s function of the first kind.
With regard of formula (A3), the solution (A2) will be transformed

T =%[ [ /& n)( [# 25 g, 0,8, )dzjd&dn (A4)

where [, (1,5, yyasb)= ], (;\/(X —P 4 —b) )+]0 (f\/(x Fa) +(y—b) ) .

If at the boundary condition (9) one takes f,; =C, C is constant, then exact solution of boundary value problem (7-9)
will be obtained

T<><,m>=2%f j (jf Xt 0 n)df}adn. (A5)

Let’s simplify the internal integral at the equality (A5), using the known integral representation of Bessel function [42]

o ( \/(x + i) +(y— T]) ) - Icos[tcosw(x + ?;)]cos[fsln\y(] T])]
After some elementary transformations one obtains

f/yi{S4B
chth

44B+%
2

(W) cos(#x cosy) cos(tysiny )y dt

00
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here
57" () = (tAcos )" sin(tA cos ) (ABsin ) sin(/Bsin )

As it may be seen function S""(y) is continuously differentiated function with regard of variable W . This function is
even also, so after changing the variable

siny =1
one can obtain the correspondence

17 0) = jF“(»« =, (AG)

2
1-1

sin(z‘A -7 ) sin( /Bt

where F1P(x, y)= (#B7) cos(lxxll -1 )cos@/r) .
’ tAN1 = 12 Bt

Based on the quadrature formula of the highest degree of accuracy, one can obtain for (A0)

2AB 1 & 2k —1 I
A.B — (N) —
I (%, ) == N& Hm(x ), T, =cos N n, £=1,N
T are zeros of the Chebyshov polynomials of the first kind. So, after substitution we get

. 2 .
2C & oh(r) sm(fA l—ré)sm(fBrk) -
T(x, y,3)=—— cos(fxwll -1 )cos(g/r )dt

TEN&Z:;I[‘/Y(/”) z‘A\/l—ri Br, ‘ ‘
APPENDIX 2. DERIVING THE FORMULA (13)

For the analysis of the reliability of the calculations, we perform a test based on the obtained formula (12) for the
fulfillment of the boundary condition of the problem. To this end, we consider the temperature (12) in the corner point of
the layer x =0, y=0,z=4,

( 1-1 )sin(z‘Btk)

2C N ®© C N ®©S§
T(0,0,0) === [+ 70,0yt = —Zj d (A7)
£=1 N =1 T/i BT/«

Using the formula (3.741(1), [41])

0 . . 1 2

dexz—ln(m+”j >0, 1> 0, m#n (A8)

0 X 4 m—n
gives

2
N 1 JI-1, +(B/ Ar
T(0,0,h) = ¢ In B/ A, . (A9)

2N S\ 1-1 (J1-7 —(B/ A,
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We note that when #=0, n#0 or #=0, m#0 the formula (A8) is not contradictory, it is also possible #» <0 (7 <0).

To calculate with this formula, an essential condition is the requirement 7 # 7, i.e A\J1— ‘Ei #Bt,. If B/ A=1, then, to
be definite, it is necessary that the condition 4/1—1° =T #0, or based on the replacement siny =7 : cosy #siny, ie

y#n/4 or t£El/ J2 . Let’s consider the case A4 # B. Taking into account formula (A9), we get

2
N J1-T +(B/ A
T(0,0,5)= ¢ > L, v B/ A .

n
2N S\ 1-1 (J1-7 —(B/ A,

(A10)

If N —is an even number, then proceeding from the properties of the logarithm, the expression for the temperature (A10)
takes the form

. 2
C & 1 J1-T2 +(B/ A,
T00,0,h)=——= = In = .
NS 1-1 (J1-¢ —(B/ A,
Here we use the property of zeros of the Chebyshev polynomial: T, =—1,, Ty, =—T,,..., i.c. there are exactly N roots,
arranged symmetrically in the gap (—1,1). It can be noted that when N — is odd, there will be a root Ty, =0, which

leads to a singularity in formula (Al10). For this case we consider the passage to the limit £€-—0
T, =1,+¢, T, =0, £=(IN+1)/2. Using the Lopital rule, we have

2
T(OO/y)—i 2£+l i 1 n M‘F(B/A)T/e
0, 2 & o i-v |J1-7 -8/ A,

k#E(N+1)/2

Let us consider three cases of local temperature distribution over sections of different sizes:

1) B/ A=1/2;2)B/ A=2;3) B/ A=1/4.

For the case when the number of nodes N in the formula (A10) was chosen equal to N = 70 and the constant of the
temperature C = 1, for three cases, the temperature at the corner point of the layer was equal to:

1) T(0,0,h)=0.999445, 2) T(0,0,5)= 0.999444, 3) T(0,0,4)= 0.998545.

The reliability of the results obtained was verified on the basis of formula (3.364(2), [41]).

We can justify the result directly, considering the boundary condition (9) of the problem. Proceeding from the applied
integral transformations, one can find the transformation of the given function

0 A .
Jo()= If(x,y)cosaxdx =C- Icosaxdx =C- sin .4 ;
a
0 0
© . B . 2 BB _ -iBB . .
_ &, o~ sinaA o sinoA (5 ¢ )_ sinaA sinBB
= ePdy=C-— | Py =C- . =2C- . .
Jap L/@(J) by o JB by o 2 . 5

We substitute the resulting transform into formula (12), and find the value at the point (0,0,4)

T(0,0,h) == dadp=" T _¢

2
0

ZCTiSinM‘w 4C m w
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Here we used the parity of the integrand with respect to the variable § and formula (3.721(1), [41]). Thus, the numerically
obtained results are justified analytically, by the relation

C Z\: 1 | «/1—124—%1& Z_C
\/1_12 n =C.
k k

2N St \/l—’tz -L,

APPENDIX 3. DERIVATIVES OF THE SOLUTIONS Y. (3) AND CONSTANT MATRICES

' w.| N(Ngz+2 R :1—N +1 , [ N(=N=>+2 -1 _:1N‘+1
Y_(z)zuoe—Az[ (Nz+2p,) o (=Nz+1) ],Y+(z)=uo€‘\{ (=Nz+2p,) po (Ng+1)

N*(Nz-1)  p'N(=Nz+2p") N*(Nz+1)  w!'N(Nz+2p")
¢ =(ux]l-ul U ]) ulx]) o =-(uv]) ulv]c

c=(u v ]-u v O ) v) e =y ) Uy

2N HjN[zpf =N (2(NBY + 40, Nb+ 241, )] —2(Np) N [(NBY = (ko) ]

26ND, | N (14 (=2Np) —2Nb+ " 41 ) | e (2(NB) - 2kNp + 4557

) 1 (20 N[ =(NBY 20 Nh = 4N ] 2N ) [ (DY + ()]
2cNDy | N*[-2(NBY +2Nh+xp;' +1+™N | <[ 2(NB) +2kNb+ 25+ 1™ |

Cow [ [N shNb e+ NB | 200 N (NB- 5hND + N |

- NkDy | -N;' [~Nb-shNb+p,'ohNb | 2N [ (Nb-chNbh = i, shNb |

T (TS [ Nb-shNb -+, bNB | 200" N| Nb - chNb+ ;' shNb |
C *

"ONRD | Ny [~Nb-shNb+p'ohNb | =2N” [ Nb- chNb — g shiNb |

Dy, =25h(2Nh)+4Nh.

APPENDIX 4. COMPONENTS OF THE BASIC MATRICES W,(3), /=0,1

w oyl =2N2h(h - 3)shNz — Nz(1+ 2, )obNz + 4, Nb - chNz +
+ 20,7 5hNz + N3 - chN (2h — 2) + 21, 'shN (2h - 3),

Wyl =26(h—2)shNz + kN 'z - chNz = 2(p 1, ) N7 - sbNz + N7'2 - chN(2h - %),
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wly = N[—zNz/y(/y —2)ehNz + Nz(1+ 2, )shNz — 2Nh - shN3 +
+(kpy" + )Nz + Ny - shN(2h = 2) + N (25 - %) |,

Wyl = —2Nh(h —2)0bNz —6(2h — 2)shNz — N7 25 Nz + 3 - shN(2h — 2) — kN ' ohN(2h - %) ,
W =k, NN =)dN(h+2) = N(h+ )N (h—2) + 1, (N (h +3) = shN(h—3)) |

1 =21 [ =N+ )N (h =)+ N(b = )shN(h+2) + 1, (AN (h +3) — N (h—=3)) |,
i =2k [—N(/y —IN(h+2) = N(h+2)shN(h =)+ W, (AN (b +5) + hN (h — z))] ,

W = 4xep ', N [ =N (b= )N (h +2) = N(b + )N (h =) + 1, (shN(h +2) + N (h =) |

APPENDIX 5. FUNCTIONS I, F, IN THE SOLUTION OF THE THERMOELASTICITY PROBLEM

Fofad pog JiththitS

2D 2D

t t

o= (= E)sh(rE) + |z — | eb(8) — ke (18] fo = S SH(EE) = foy - h(7E),

Sy =—e" {lé’; (=201 = 2)shiz + etz + cht(2—3)) —
=277 (1= 3)ehtz + Kizshtz + 2(W,W, )~ chiz + tz5ht(2 — z)} +
+e { K1~ &) (—2tabtz, + 2t5htz + Kabtz + %0 4 4070 )

—Ktohtz + Kizshtz + 2( 1, ) ehty — L1 (1=2)e 7V — L1 4 3)e OV } ,

for = =016 - (<26(1 = R)shix + etz + cht(2— %)) —
=22 (1=3)ehtz + k12 — ) shty — 1”2“2 chiz + tzsht(2 —z) — Keht (2 —z)} +

+ ujeté {—f(l -&) -(—215/9;‘{ + 28z5ht3 + Kebtz +%e_t(2+z') + %e_t(z_@ ) -

—Ktehty + Kizshiz + B chiy + (1= 2)e @0 4 Lp(1 4 2)e O } ’

fr=¢ "2 sgn(x — €)sh(rE) — 't g — E|ch(rE) + W cb(£E) — (3~ E)sh(1E)}

S =xp e {1(1-8) '(Z(l‘ — 1+ K)ohtz — 2tz5hty —Le 0 — L7070 ) +
+ (1 =1+ Kbtz — tzshtz + 11— 3) 2 e + 11+ 2) L0 —

1 () L1 —(23)
Ky e o z¢ }’
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’
r;a

= ke S 2E - ((k = 2)chtz + 20(1— 2)shtz — cht(2—3)) —
5 1 < RORLE <
= 215htz + 217 (1 = 3)ehtz + chtz + tzshtz — 240 tshtz +
bt (2= 2) — W ehtz + W bt (2 = 2) + 217 (k) btz — ! u;zf/ylz} ,

S =—m2E - ((k = 2)chtz + 21— 3)shiz — cht(2— 7)) +
+ 20 tshtz = 2, (1 = 2)ehtz + KW bty + P W tshtz — W etz —
— W, eht(2 =) + W 135ht(2 — 2) — 2Ktshtz + ket (2 - %),

fr ==t (1= &)+ (21 = 2+ K)ot — 2z5htz =L/ — L7070 ) =
=1, (2 = Dbz + 1 W sz = pp(L=2) 3¢ (L4 ) 5e 0 -

2 L O Sl (2 3))
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