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ABSTRACT. Two cracks, initiated from the opposite tips of a central notch
inclined by 45°, were considered in cruciform specimens made of Ti6246. A
static load was applied to a cruciform arm while a cyclic load was applied along
the other arm.
Fatigue propagation of cracked specimens was performed by means of Dual
Boundary Element Method (DBEM) and Finite Element Method (FEM)
codes. For crack path assessment, the Minimum Strain Energy Density
(MSED) and the Maximum Tensile Stress (MTS) criteria were adopted in
DBEM and FEM approaches, respectively. Moreover, the J and M integrals’
formulations were used to evaluate the SIFs along the crack fronts for DBEM
and FEM codes, respectively. Crack-growth rates were predicted by using a
Walker law, calibrated on mode I fracture experimental data.
A good agreement between numerical and experimental crack paths was
obtained.
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INTRODUCTION

O

ver the past few decades, many efforts have been made in the modeling and simulation of three-dimensional crack
propagation problems. Early works dealt with appropriate representation of intricate cracks, and calculation of
Stress Intensity Factors (SIFs) along the crack fronts [1]. As crack propagation capabilities have been developed,
many researchers proposed frameworks necessary to model the extending crack with minimal user workload, for instance
by FEM codes, such as FRANC3D [2], CRACKTRACER3D [3], ZENCRACK [4], and by DBEM codes, such as BEASY
[5]. These approaches currently are used for automatic 3D fatigue crack-growth simulations in large structures [6, 7] , in
presence of residual stresses due to plasticity [8-12] and considering load spectrum effects [13]. Furthermore, hybrid FEM
- DBEM submodelling procedures have been presented along the years [14-16]: these approaches couples the FEM
versatility, for global problem modelling, and the higher efficiency of DBEM for crack-growth simulation in small
subdomains.
In the past, non-planar 3D crack-growth algorithms typically adopted 2D mode I/II crack-growth theories, well suited for
many engineering applications. However, as the capability to model nonplanar cracks in complex geometries has been
developed, the demand for a more detailed crack path prediction has led to use more complex propagation criteria that
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include low-cycle fatigue/high-cycle fatigue (HCF/LCF) interactions, Mixed Non-Proportional Loading (MNPL), fracture
mode asymmetry and both elastic and fracture resistance anisotropy.
Legacy crack-growth criteria, such as the Maximum Tangential Stress criterion [17], consider proportional loading (KII/KI
= constant throughout one cycle), and define the crack-growth along a KII ≈ 0 path. When the loading condition is not
proportional, the relative ratios of KI, KII, and KIII vary over time during the cycle, making the setup of effective crack path
criteria more difficult. MNPL condition occurs when static and cyclic loads simultaneously act along different directions, as
for example in a turbine blade where the steady state centrifugal load couples with the vibrations of the blades (Fig. 1).
The blisks, i.e. turbomachine components that integrate rotor disk and blades in a single piece, are of common use in aero
engines for all compressor stages due to the significant weight savings compared to traditional configurations with blades
mounted in disk slots. The latter design could be affected by catastrophic failures if a crack in the blade slots, propagating
because of HCF-loading, turned into the disk due to centrifugal LCF-loading condition. Thus, 45° centrally notched
cruciform specimens made of Ti6246 plate, were proposed as a potential simplification to analyze this phenomenon [18]. A
static load was considered for simulating the LCF loading whilst a cyclic load, applied perpendicularly to the static load at a
frequency of 5 Hz, for the HCF loading condition. Several experimental tests were performed for different ratios between
static and cyclic loads and the resulting crack paths and crack propagation rates were analyzed and compared with numerical
results.
This work can be seen as an extension of [18] which presented the experimental outcomes here reported and the related
numerical results performed with the FEM code CRACKTRACER3D. Here we present our numerical results performed
with the FEM code FRANC3D and the DBEM code BEASY.

Figure 1: Complex loading conditions on a cracked turbine assembly of rotor disk and blade.

EXPERIMENTAL TESTS

E

xperimental tests contained in this work have been taken from literature [18] and are here reported for more clarity.
Different ratios of HCF and LCF loading conditions were considered for the experimental tests, providing
corresponding crack propagation directions. A list of the tests considered in this work is summarized in Tab. 1.
Main mechanical and fracture properties of the specimens’ material are listed in Tab. 2.
In a first experimental test (Test I), a static load equal to 24 kN was considered together with a second perpendicular load
cycling between -8 kN and +8 kN. A second test (Test II) was carried out with a different stepwise increment of the static
load from 3 kN to 12 kN, 18 kN and finally to 12 kN, keeping the cyclic load amplitude at the fixed value of 24 kN with
R=-1. Only the first two load steps were considered in this work since cracks bifurcated during load case three [18].
A pre-cracking procedure was realized in order to produce two initial cracks from the two notch tips. To this aim, an equal
cyclic load (R = 0.1, f = 5 Hz) was applied to both axes and, starting from an initial magnitude of 8 kN, the cyclic load was
increased stepwise, based on the fact whether a crack was initiated or not. After successfully producing cracks from the
notch tips, the load was stepwise reduced to its initial value in order to let the crack grow out of the major part of the plastic
zone generated during pre-cracking.
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The experimental crack paths for all the tests are shown in Figs. 3-4. It is worth noting that, for simplifying the comparison
between numerical and experimental results, both static and cyclic loading directions are reported in Figs. 3-4, i.e. the static
load is applied from the lower left to the upper right of the figure, whereas the cyclic load is applied from the upper left to
the lower right.

(a)

(b)

(c)

(d)

Figure 2: (a) Drawings of the cruciform specimen (red square defining the portion considered for the numerical analyses) with (b) closeup of the initial notch; (c) specimen photo with (d) close-up of the initial notch. (Courtesy of Christian Kontermann, TU Darmstadt,
Germany)

Test [-]

Load step [-]

Static load magnitude [kN]

I

1
1
2

24.0
3.0
12.0

II

Cyclic load [-]
Load ratio
Amplitude [kN]
Frequency [Hz]
R [-]
8.0
-1
5
24.0

-1

5

Table 1: Loading conditions for the tests.
E [GPa]

υ [-]

C [mm/cycle/[(MPa mm^0.5)^m]]

m [-]

w [-]

120.4

0.32

4.83828E-13

3

0.67

Table 2: Main mechanical properties and Walker law parameters of Ti6246.
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For Test I (Fig. 3), the crack propagation takes place in a direction orthogonal to the static load. On the contrary, the absence
of a static loading would lead to a crack propagation direction orthogonal to the cyclic loading. This means that a transition
of the crack propagation direction from orthogonal to the cyclic loading to orthogonal to the static loading must take place
for a static load in between 0 kN and 24 kN (always considering a cyclic load of ±8 kN). Test II (Fig. 4) was scheduled for
better understanding such a transition behavior.
In order to investigate the range of low static loads, the static and cyclic load were initially set up in Test II (Fig. 4) to 3 kN
and ±24 kN, respectively. The crack propagated mostly in the initial notch plane for this load step. Increasing the static load
to 12 kN in the next load step, crack directions did not change significantly its initial pattern (Fig. 4b).

Figure 3: Experimental crack paths for Test I. (Courtesy of Christian Kontermann, TU Darmstadt, Germany)

(a)

(b)

Figure 4: Experimental crack paths for Test II: (a) load step 1; (b) load step 2. (Courtesy of Christian Kontermann, TU Darmstadt,
Germany)

NUMERICAL CALCULATIONS

N
642

umerical simulations were performed with the BEASY DBEM code [19] and with the FRANC3D FEM code [2].
Cruciform specimens here considered have a non-uniform thickness and therefore the models presented in the
followings are three-dimensional.
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Details of the procedures adopted numerically are illustrated in the followings.

DBEM MODEL
The portion of the cruciform specimen circumscribed by the dashed red line in Fig. 2b was considered as initial model for
the DBEM analyses (Fig. 5).
The initial notch with two cracks, initiated at 45° at the two opposite tips after the pre-cracking phase, was considered as
the initial configuration for the DBEM simulations (Fig. 5c). The total length of the notch and cracks was equal to 2 mm,
consistent with the specimen experimentally tested.

(a)

(b)

(c)

Figure 5: (a)-(b) DBEM model with (c) close-up of the initial cracked configuration

All the simulations considered a mission profile defined by means of two load cases built as in the following:
A. static tensile load in X direction plus cyclic tensile load in Y direction (load case A);
B. static tensile load in X direction plus cyclic compressive load in Y direction (load case B).
Rings of internal points (J-paths) were introduced along the two crack fronts in order to compute the corresponding Jintegral values. The J distributions were then used to compute KI, KII, and KIII values along the crack front by means of the
procedure developed in [20, 21]. The Yaoming-Mi formula (Eq. 1) [22] was used to combine the K values corresponding to
the three basic modes into an equivalent Keq parameter, to be used in the Walker crack-growth law (Eq. 2) [23], whose
coefficients are listed in Tab. 1.
A crack-growth angle θi was computed by means of the Minimum Strain Energy Density (MSED) [24, 25] criterion for each
i-th load case (i.e. load cases “A” and “B”). MSED criterion considers as the growth angle, the one that minimize the strain
energy density defined in terms of K (Eq. 4). Final kink angle was calculated by a weighted average of θi by means of Eq. 5,
whose weights are the Keq values for each load case.
For some combinations of static and cyclic load magnitudes, load case “B” provided negative KI values, with no physical
meaning since representative of mutual intersection of crack faces. To circumvent this drawback, a nonlinear contact
condition, with allowance for friction (friction coefficient = 0.3), was applied to the crack face elements for such load cases.
In this way, the resulting KI values became negligible and the related KII and KIII decreased due to friction effects, with a
corresponding impact on the Keq values and eventually on the final growth angle θ (Eq. 5).
K eq 

 K I  K III 

2

 2 K II2

(1)
1 w

da / dN  C  K eq / 1  R 





m

(2)
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R  K eq , min / K eq , max

(3)

2
S    a11   K I2  a13   K I K II  a 22   K II2  a 33   K III

(4)



 A K eqA   B K eqB

(5)

K eqA  K eqB

FEM MODEL
The portion of the cruciform specimen circumscribed by the dashed red line in Fig. 2b was considered as initial model also
for the FEM simulations (Fig. 6). No notch neither contacts between crack faces were considered and, as an alternative, a
single crack with a total length of 2 mm was considered (Fig. 6c). The FEM simulations considered the same mission profile
as for the DBEM analyses, thus cycling between load case A and load case B.

(a)

(b)

(c)

Figure 6: (a)-(b) FEM model with (c) close-up of the initial cracked configuration.

The M-integral formulation [26] was used to calculate the three single K values directly and, consequently, a Keq was derived
with a sum of squares of the three K values (Eq. 6) to be used in the Walker crack-growth law (Eq. 2).
A crack-growth angle θi was computed by means of the Maximum Tensile Stress (MTS; Fig. 7) criterion for each load case,
i.e. load cases A and B; MTS states that the crack kinks in the direction where tensile stress ahead of crack front points is
maximized.
A crack-growth rate da / dNi was computed for each load case with the Eq. 7, where da / dN is the crack-growth rate
computed for any given crack front point and n is the number of load ranges in the spectrum. Finally, the corresponding
predicted kink angle is a weighted average kink angle computed with Eq. 8, where θi is the kink angle determined for load
case i using the MTS.
2
K eq  K I2  K II2  K III

da / dN 
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 i 1 dN  K i , Ri 
i

n

(6)

(7)
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da
n
 i 1 dN  K i , Ri  x i  K I ,i , K II ,i , K III ,i ,
i

(8)

da
n
 i 1 dN  K i , Ri 
i

Figure 7: MTS kink angle theory used for the FEM analyses.

RESULTS

D

BEM and FEM analyses were performed to simulate the loading conditions of Test I. For Test I, the static load
was set to 24 kN and the cyclic load was set to ±8 kN (Tab. 1). Experimental and numerical crack propagation
paths are compared in Fig. 8. For such numerical analysis, neither initial notch shape (approximated by a sharp
crack) nor contacts on the crack faces were considered; such simplifications allowed to decrease the runtimes with a
negligible impact on the results since the combination of static and cyclic loads led to completely open crack faces during
the entire fatigue cycle. The agreement between crack-growth directions and crack-growth rates was very sound among
FEM, DBEM and experimental results. In summary, for this case it is possible to assess that:
•
the calculation of the equivalent K-factor in combination with a classical crack propagation law calibrated by ModeI test data yields a correct crack propagation prediction;
•
the procedures for the calculation of the propagation angle seems to be correct.

(a)

(b)

(c)

Figure 8: Results for Test I: (a) crack-growth rates; (b) FEM and (c) DBEM crack-growth directions; experimental crack-growth direction
shown in Fig. 3.

Test II was simulated with the DBEM code. No FEM analyses were performed with FRANC3D for this test since the MTS
and Max Shear Stress (MSS) criteria implemented in the code were not able to satisfactorily capture the crack-growth
direction. The code implements also more advanced crack-growth criteria but no dedicated material data were available for
their calibration.
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The corresponding load levels are those listed in Tab. 1 and, in particular, load step 1 (static load = 3 kN; cyclic load = ±24
kN) was applied for 15.000 fatigue cycles whilst load step 2 (static load = 12 kN; cyclic load = ±24 kN) was applied for
5.000 more fatigue cycles. Results for this test are shown in Fig. 9 showing a satisfactory agreement.

(a)

(b)

Figure 9: Results for Test II: (a) crack-growth rates; (b) DBEM crack-growth directions; experimental crack-growth direction shown in
Fig. 4b.

CONCLUSIONS

C

ruciform specimens subject to static loading in one direction and cyclic loading in the other orthogonal direction
were simulated by a DBEM and a FEM code.
Experimental tests were performed on cruciform specimens undergoing various combinations of static and cyclic

loads.
Regarding the DBEM, a peculiar procedure for crack propagation angle assessment was pointed out and the allowance for
friction between crack faces was provided when required.
The agreement among experimental and numerical results in terms of crack-growth rates and crack paths seems to be very
good.
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