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ABSTRACT. This paper is focused on delamination fracture analyses of a
multilayered  functionally graded circular shaft under two loading
combinations (centric tension and torsion, and bending and torsion) assuming  Gitation: Rizov, V., Analysis of cylindrical
non-linear elastic mechanical behavior of the material. The loading dclaminaton — cracks  in  mulilayered
. K ) i . i . functionally graded non-linear elastic circular
combinations under consideration generate mixed-mode II/IIT delamination shafis under combined loads, Frattura cd
crack loading conditions (the centric tension and bending generate mode 11  Integrita Struttusale, 46 (2018) 158-177.
crack loading, while the torsion is responsible for mode III crack loading). Received: 04.05.2018
he shaft is m ncentric longitudinal layers. The number of layers is Accepted: 03.06.2018
T ¢ shaft is .ade by concent clo .g.tudl al layers The nu b§ of layers is o & 01.16.2018
arbitrary. Besides, each layer has individual thickness and material properties.
The material in each layer is functionally graded in radial direction. Hyperbolic = Copyright: © 2018 This is an open access
§ . L. ) . i article under the terms of the CC-BY 4.0,
laws are used to describe the continuous variation of material properties il which permits unrestricted use, distribution,
radial direction. A cylindrical delamination crack (the crack front is a circle) is  and reproduction in any medium, provided
. . . . . . the original author and source are credited.
located arbitrary between layers. The delamination fracture is studied in terms
of the strain energy release rate by analyzing the energy balance. In order to
verify the solution obtained, the strain energy release rate is derived also by
differentiating the complementary strain energy with respect to the
delamination crack area. Parametric investigations of the behavior of the
cylindrical delamination crack are carried-out. The present paper is a
contribution in the fracture mechanics of multilayered functionally graded
non-linear elastic circular shafts under combined loads.

KEYWORDS. Multilayered circular shaft; Functionally graded material;
Cylindrical delamination crack; Material non-linearity; Combined loads.

INTRODUCTION

ne of the main advantages of the functionally graded materials over the traditional structural materials is the
material property graded distribution [1 - 6]. Very often, fracture is the critical failure mode for the functionally
graded structures to lose their structural capacity [7 - 10]. Therefore, the study of fracture mechanics of
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functionally graded materials plays an important role in the design of various structural members and devices made by
these novel un-homogeneous materials. Understanding the fracture behavior of functionally graded structures under
various loading conditions is vital for the further development of the methods for safety design.

The present paper deals with analyses of a cylindrical delamination crack in a multilayered functionally graded non-linear
elastic circular shaft under combined loads. It should be mentioned that in one of the previous works of the author, non-
linear analyses of cylindrical delamination cracks in circular shafts have been developed assuming that the shafts are
loaded in pure torsion only [10]. However, in reality, the circular shafts usually are under various load combinations which
include torsion (this fact is the basic motive for writing the present paper).

FRACTURE ANALYSIS IN TERMS OF THE STRAIN ENERGY RELEASE RATE

Shaft under centric tension and torsion

T he multilayered functionally graded circular shaft, shown schematically in Fig. 1, is under consideration. The shaft
is made of adhesively bonded concentric longitudinal layers. In each layer, the material is functionally graded in
radial direction. Besides, the functionally graded material exhibits non-linear mechanical behavior.
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Figure 1: Multilayered functionally graded circular shaft loaded in centric tension and torsion.

The number of layers is arbitrary. Also, each layer has individual thickness and material properties. The shaft cross-section
is a circle of radius, R. The length of the shaft is 2/. The shaft is loaded in centric tension and torsion, respectively, by
longitudinal forces, I", and torsion moments, T', applied at the end sections of the shaft as shown in Fig. 1. A circular
notch is cut-out in the middle of the shaft in order to generate conditions for delamination fracture. It is assumed that a
cylindrical delamination crack of length, 24, is located symmetrically with respect to the middle of the shaft. The

delamination crack represents a cylindrical surface (the crack front is a circle of radius, 7,). Thus, the internal crack arm is
a shaft of length, 24, and circular cross-section of radius, 7,. The external crack arm is a shaft of length, 24, and ring-

shaped cross-section of internal radius, 7,, and external radius, K. The delamination crack is located arbitrary between
layers. The circular notch divides the external crack arm in two symmetric segments of length, @, each. Apparently, the
two segments of the external crack arm are free of stresses (Fig. 1). Due to the symmetry, only half of the shaft,
[/ <x <2/, is analyzed.

In the present paper, the delamination fracture is studied in terms of the strain energy release rate. It is obvious that the
longitudinal force, I", induces mode II crack loading conditions. The mode II component of the strain energy release
rate, Gy, is determined by analyzing the energy balance. By assuming an increase of the crack length, da, the energy

balance is written as

ou,.

a

Fou=

da+ Gyl Oa 1)

159



‘
f?4’
V. Rizov, Frattura ed Integrita Strutturale, 46 (2018) 158-177; DOI: 10.3221/IGF-ESIS.46.16 s

whete JO# is the increase of the longitudinal displacement of the end section of the shaft, Up is the strain energy
cumulated in half of the shaft as a result of the centric tension by I, /. is the length of the crack front. By substituting
of /. =2nr, in (1), G is obtained as

F Ou 1 oU
61122[ = = j @

2zr, Oa 27r, Oa

The expression in brackets in (2) is doubled due to the symmetry (Fig. 1).

It should be specified that the present delamination fracture analysis is valid for non-linear elastic behavior of the material.
The analysis can also be applied for elastic-plastic behavior if the shaft undergoes active deformation, i.c. if the external
loading increases only [11, 12]. It should also be mentioned that the present analysis is carried-out assuming validity of the
small strains assumption.

By using methods of Mechanics of materials, one obtains

=g a+ey (/—a) ©)

where &, and g, are, respectively, the longitudinal strains in the internal crack arm and the un-cracked shaft portion,
/+a<x<2/,induced by the longitudinal force, I .
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Figure 2: Cross-section of the internal crack arm loaded in centric tension and torsion.

The longitudinal strain in the internal crack arm is determined from the following equation for equilibrium of the cross-
section of the internal crack arm:

F=3 [[od4 @

i=1 A;

where 7, is the number of layers in the internal crack arm, o is the distribution of the longitudinal normal stresses in the
7~th layer, A, is the area of the cross-section of the same layer.

In the present paper, the mechanical behavior of the functionally graded material in the /th layer is described by the
following non-linear stress-strain relation [13]:

o, =— 5)
xl.+p,.8

where s5; and p; are the distributions of the material properties in the same layer, & is the longitudinal strain.
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The properties, s, and p, , vary continuously in the radial direction of the /th layer according to the following hyperbolic
laws:

5
f=—— ©
1+sp !
" T
bs
hi=— (7
1+ pp
it =0

where s, s, py and pp are material properties (s, and p;, control the material gradient of s; and p,,

respectively), 7. and 7., are shown in Fig. 2. In (6) and (7), the radius, r, varies in the interval [7;.; I +1] .
It should be mentioned that the distribution of the longitudinal strains is analyzed assuming validity of the hypothesis for
plane sections, since the length to diameter of the cross-section ratio of the shaft under consideration is large. Thus, &;

is distributed uniformly in the cross-section of the internal crack arm. Hence, by substituting of (5), (6) and (7) in (4), one
derives

e ;2”5" [%(rf” =) +%(’il —rf)} ®)

where

1
o =— )
S LD
— + J——
,7/ ei
IB.5p, . 1. Py P,
51'7722 5/922
B = > (10)
Sy, ELPs,
4
mo 0
S =11~ (1
Ip,7i
n, =1-— (12)
7.
0, =1 _fofi (13)
It should be noted that by substituting of 5, =0 and p; =0 in (8), one obtains
i=n 1
F:Z;z-gL y_(f;’il _’zz) 14
i=1 B,
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which is exact match of the equation for equilibrium of multilayered circular shaft made by homogencous linear-elastic
layers loaded in centric tension [14]. This fact is an indication for consistency of Eqn. (8) since at 5, =0 and p, =0 the
non-linear stress-strain relation (5) transforms in the Hooke’s law assuming that 1/, is the modulus of elasticity in the
7~th layer.

Eqn. (8) should be solved with respect to &; by using the MatlLab computer program.

Eqn. (8) is applied also to determine &, . For this purpose, 7, and &, are replaced, respectively, with » and & in
(8), (9) and (10). Here, # is the number of layers in the un-cracked shaft portion.

o)

0 P

€ €

Figure 3: Non-linear 0 — & diagram.

Since the external crack arm is free of stresses (Fig. 1), the strain energy cumulated in half of the shaft as a result of the
centric tension is written as

Up=Up +Upy (15)

where Uy, and Uy, are the strain energies in the internal crack arm and the un-cracked shaft portion, respectively.
The strain energy in the internal crack arm is obtained by addition of strain energies cumulated in the layers

i=n

Up.= ”Z ” ) FI/ZA (16)
=17

where #, F, is the strain energy density in the /~th layer.

The strain energy density is equal to the area, OPQ, enclosed by the stress-strain curve (Fig. 3). Thus, #, is written as
L

Moy, = J-o;.de 17)

0

By substituting of (5) in (17), one derives

1 . . . .
Hor, =;{5L —%ln(&l +;TJ +%mi} (18)

The strain energy cumulated in the un-cracked shaft portion is expressed as
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UFHZ(/_g)§II”OFH,M (19)

i=1 A;

where the strain energy density in the th layer, #,p, , is obtained by formula (18). For this purpose, &, is replaced with

£y
By substituting of (3), (15), (16) and (19) in (2), one obtains

Gy - (e )_ﬁ iﬂ Hopr, dA = jiﬁ”om, A 20)
b

T, =1 =1

Apparently, the torsion moment, T, induces mode 111 crack loading conditions (Fig. 1). By analyzing the balance of the

energy, the mode 111 component of the strain energy release rate, Gy, is written as

szz( L %_ ! aUTJ 21

27r, Oa 27r, Oa

where ¢ is the angle of twist of the end section of the shaft, U is the strain energy cumulated in half of the shaft as a

result of the torsion. In (21), the expression in the brackets is doubled in view of the symmetry (Fig. 1).
By applying methods of Mechanics of materials, one obtains

¢=%d +%(/—a) (22)
b

where 7, and y, are the shear strains at the periphery of the cross-sections of the internal crack arm and the un-cracked

shaft portion, respectively.
The shear strain at the periphery of the cross-section of the internal crack arm is determined by using the following
equation for equilibrium of the cross-section of the internal crack arm:

i=n

T=Y ||z (23)

i=1 A,
where 7, is the distribution of the shear stresses in the /~th layer induced by the torsion.

In the present paper, the mechanical behavior of the functionally graded material in torsion is described by the following
non-linear stress-strain relation [13]:

7. = (24

where y is the shear strain, f; and g; are the distributions of the material properties in the /~th layer.

The continuous variation of f; and g; in the radial direction of the /th layer is described by the following hyperbolic

7

laws:

[ — (25)
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&3
=" (26)
1+g, ——
Tt =7
where
rn<r<r, @7

The radiuses, 7; and 7, are shown in Fig. 2. In (25) and (26), f; , fp , g5 and gp are material properties ( f, and

Jp, govern the gradient of f; and g, , respectively).

7

The distribution of shear strains in radial direction is written as

-
y==7, (28)
7

By substituting of (24), (25), (26) and (28) in (23), one derives

T= Z—%{ A )+ o, (7 - 5)} 29)

where

1
v, =— (30)
H;
fBI ﬂ’i gB, 7}71
0= 5 (31)
W (1=4r) [ gw]
A
0,
/o,
A == 32
) (32
s
= 33
STy (33)
It should be mentioned that at g, =0 and f,, =0 Eqn. (29) transforms in
=M 7z_ 1 4 4
= —m—(ml =7 ) (34)

The fact that (34) is exact match of the equation for equilibrium of a multilayered circular shaft made by linear-elastic
homogeneous layers loaded in torsion [14] is an indication for consistency of (34) since at g, =0 and f, =0 the non-

linear stress-strain relation (24) transforms in the Hooke’s law assuming that 1/ f;, is the shear modulus in the /th layer.

Eqn. (29) should be solved with respect to y,, by using the MatLab computer program.
Eqn. (29) is used also to determine the shear strain at the periphery of the cross-section of the un-cracked shaft portion.
For this purpose, #;, 7, and y,, are replaced, respectively, with 7, R and y, in (29) and (31).
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Figure 4: Non-linear 7 —y diagram.
The strain energy cumulated in half of the shaft as a result of the torsion is obtained as
U, =U; +U;y (35)

where U;; and U,y are the strain energies in the internal crack arm and the un-cracked shaft portion, respectively.
The strain energy in the internal crack arm is written as

i=n

U =ay [[nyn,dA (36)

i=1 A;

where #y;; is the strain energy density in the /~th layer as a result of the torsion. In principle, the strain energy density is
equal to the area, OPQ, enclosed by stress-strain curve in Fig. 4. Thus, formula (18) can be used to obtain #,; . For this
purpose, #,5 , &, 5; and p; are replaced, respectively, with #,;; , ¥, f; and g;, where y is expressed by (28).

The strain energy cumulated in the un-cracked shaft portion as a result of the torsion is expressed as
i=n

UUL:([_”)Z””OTH, dA (37

i=1 A,

where the strain energy density in the /th layer, #,7y , is obtained by (18). For this purpose, #,y , &, §, and p, are

replaced, respectively, with Horr s Vit s f; and g;. Here, the distribution of the shear strains is written as

r
Yu =3t (38)

By substituting of (22), (35), (36) and (37) in (21), one obtains
T (y, 7 1| =
Gy =— (_ - qu - Z ﬂ Ao, dA - Z _” Aoy, dA 39)
1

T\ 1% T, =, P

The total strain energy release rate, G, is written as

G ZGH +Gu] (40)
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By substituting of (20) and (39) in (40), one arrives at

G:i(‘gL_‘gH)_— %JI”OFL,M_%”‘”OFH/{A +

1
n, n =, =14,

W [&_Q]_L Y [ d =5 [[amad @)

zr,\'r, R 7\ i= =1

The integration in (41) should be performed by the MatLab computer program.
In order to verify (41), the strain energy release rate is derived also by differentiating the complementary strain energy with
respect to the crack area. The total strain energy release rate is written as [15]

AU’
dA

G (42

* . . . .
where dU is the change of the complementary strain energy, dA is an elementary increase of the crack area. For the

cylindrical delamination crack (Fig. 1), dA is expressed as
dA =27, da (43)

where da is an elementary increase of the crack length. By substituting of (43) in (42), one arrives at

*

_dU
27r,da

(44

The complementary strain energy cumulated in half of the shaft as a result of the centric tension and torsion is obtained as
* * *
U =U, +U, (45)
where Uz and U; are the complementary strain energies in the internal crack arm and the un-cracked shaft portion,

respectively.
The complementary strain energy in the internal crack arm is expressed as

U, = zzzz [[ 1,44 (46)

i=1 A,

where #,, is the complementary strain energy density in the i-th layer. The complementary strain energy density is equal
to the area, OQK, that supplements the area enclosed by the stress-strain curve to a rectangle (Fig. 3 and Fig. 4). Thus,

* . .
Hyp, 1s written as

.
#yy, =0, € —gp T TV~ oy, (47)

By substituting of (5), (18), (24) and (28) in (47), one obtains
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m_z_i{y_ﬁln(ﬂﬁ]@mi} 4
fitgy g &i j

whete y is determined by (28).

The complementary strain energy in the un-cracked shaft portion as a result of centric tension and torsion is written as

Up=(1=a) 3 [y )

i=1 A;

where the complementary strain energy density, #,,, , is obtained by (48). For this purpose, #,, , & and y are replaced,

respectively, with %SH , &y and Y, , where y,; is determined by (38).

The expression, obtained by substituting of (45), (46) and (49) in (44), is doubled in view of the symmetry (Fig. 1). The

result is

G- ﬂzl“‘u;,ﬁdA—iHu;HIM (50)

A= =1,

Integration in (50) should be carried-out by the Matlab computer program. It should be noted that the strain energy
release rate calculated by (50) is exact match of the strain energy release rate determined by (41). This fact verifies the
analysis of the cylindrical delamination crack in the multilayered functionally graded circular shaft loaded in centric tension
and torsion (Fig. 1).

Shaft under bending and torsion
The cylindrical delamination crack is analyzed also when the external loading consists of bending moments, M , and
torsion moments, 1", applied at the two ends of the multilayered functionally graded circular shaft (Fig. 5).

layer 1
layer i y
layer n

notch
z

Figure 5: Multilayered functionally graded circular shaft loaded in bending and torsion.

Obviously, the bending moments induce mode II crack loading. By considering the balance of the energy, the mode 11
component of the strain energy release rate is derived as
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Gy = 2( i@_w_# aUM J (61

where @ is the angle of rotation of the end section of the shaft due to the bending, U,, is the strain energy cumulated in

half of the shaft as a result of the bending.

It should be noted that the bending induces stresses not only in the un-cracked shaft portion and the internal crack arm,
but also in the external crack arm.

By using methods of Mechanics of materials, @ is obtained as

o=ak, +(/—a)ky (52)

where k; and &, are the curvatures of the crack arms and the un-cracked shaft portion, respectively.
Since the bending generates mode II crack loading conditions, the two crack arms deform with the same curvature.
Therefore, x, is determined in the following way. First, the equation for equilibrium of the cross-section of the internal

crack arm is used
i=m

M, = z H 0,344 (53)

i=1 A,
where M, is the bending moment in the internal crack arm. The distribution of the longitudinal normal stress, o, in the

/~th layer, induced by the bending of the shaft, are expressed by (5). The distribution of the longitudinal strains, &€, is
written as

=K1 (54)

By substituting of (5), (6) and (7) in (23), one derives

i=mn 1 1 5
M, = Z”‘:ZKLP/' (’";11 _’"54)"'3’(1_)(; (’";41 -7 )} (35)
i=1
where
p =L (56)
5p,
Sp
= 57
X 0, 7

The radiuses, #, and 7,,,,

in (55) are shown in Fig. 6.
It should be noted thatat py =0 and 5, =0 Eqn. (55) transforms in

i=n

M, = Z:, m:L L(@‘L - (58)

‘;B,

which is exact match of the equation for equilibrium of multilayered circular shaft made of homogeneous linear-elastic
layers loaded in bending [14] assuming that 1/, is the modulus of elasticity in the /-th layer.
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Figure 6: Cross-section of the internal crack arm loaded in bending and torsion.
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Figure 7: Two three-layered functionally graded circular shafts loaded in centric tension and torsion with cylindrical delamination crack
located between (a) layers 2 and 3 and (b) layers 1 and 2.

In (55), there are two unknowns, M, and x; . One more equation with unknowns M, and &, is derived by considering
the equilibrium of the cross-section of the external crack arm. Obviously, (55) can be used as equation for equilibrium of
the cross-section of the external crack arm. For this purpose, 7, has to be replaced with 7, (7, is the number of layers in
the external crack arm). Besides, M, has to be replaced with M — M, (this follows from the fact that the sum of the

bending moments in the two crack arms is equal to M ). Thus, the equation for equilibrium of the cross-section of the
external crack arm is written as

M-M, :lf”[%KLpz(’?i1 _’?4)"'%’(1_76‘ (’fm _’?5)} (59
i=1

Eqns. (55) and (59) should be solved with respect to &, and M, by using the MatlLab computer program.
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Eqn. (55) is used also to determine ;. For this purpose, M,, n and k; are replaced, respectively, with M, # and
Ky -
The strain energy cumulated in half of the shaft as a result of the bending is obtained as

Uy =Up + UMQ U (60)

where U, , U,, and U,;; are the strain energies in the internal crack arm, the external crack arm and the un-

cracked shaft portion, respectively.
Formula (16) is applied to determine U, . For this purpose, Uj; and #,y —are replaced with U,; and #y; ,

respectively. The strain energy density, #,,; , in the /th layer of the internal crack arm as a result of the bending is

obtained by formula (18). For this purpose, #,; and & are replaced with #,,,; and &, respectively (& is expressed

by formula (54)).

/ /
crack
M
notch
b)
/i/ / l
t
t crack
" /_ 7\
y \z___
layer 1
layer 2
layer 3 notch

Figure 8: Two three-layered functionally graded circular shafts loaded in bending and torsion with cylindrical delamination crack
located between (a) layers 2 and 3 and (b) layers 1 and 2.
Formula (16) is used also to determine Ung by replacing of Up, , #, and #, p, with Uy, m, and Horg, >
respectively. ., is determined by replacing of &, with & .

Uy is found by formula (19). For this purpose, Uy, and sy are replaced with Uy, and #,,, , respectively.
The strain energy density, #,,; - in the /~th layer of the un-cracked beam portion as a result of bending is obtained by
formula (18). For this purpose, #,; and & are replaced with #,,,; and &,, respectively. The distribution of the

longitudinal strains, &, in the cross-section of the un-cracked shaft portion is found by (54). For this purpose, &, &
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and g, are replaced with &,, k;; and z,, respectively (g, is the vertical centroidal axis of the cross-section of the un-
cracked portion of the shaft).
By substituting of (52), U,; , Uy, , Uy and (60) in (51), one derives the following expression for the mode II

component of the strain energy release rate as a result of the shaft bending:

M

Gy =
7,

(KL — Ky )_ HL l:f _U oy, dA + lf ” oy, dA = S’i” #o pipy, AA (61)
Ty \ =1 =1

i=1 4,

The mode III component of the strain energy release rate induced by the shaft torsion is obtained by formula (39). The
total strain energy release rate is found by addition of (39) and (61). The result is

M l i=n i=n, i=n
G=—- (KL — Ky )__ Z H”UML,M + Z J]”OMQI dA - ZJ‘J”OMHI dA |+
uan n, =17, =1 =1
T (y n} (@
|| Z ”OTLdA_Z oy dA (62)
7, [ n R T, \ = 'Lj ' =1 '[1'[ '
Integration in (62) should be carried-out by the MatlLab computer program.
75 -
6.0 -
GSB3
7 x10° 4.5
3.0
1.5
| | | |
0.0 0.2 0.4 0.6 0.8

S
D,
Figure 9: The strain energy release rate in non-dimensional form plotted against s py property (curve 7 — for the shaft configuration

shown in Fig. 7a, curve 2 — for the shaft configuration shown in Fig. 8a, curve 3 — for the shaft configuration shown in Fig. 7b, curve
4 — for the shaft configuration shown in Fig. 8b).

Formula (62) is verified by obtaining of G with the help of (44). The complementary strain energy cumulated in half of
the shat as a result of bending and torsion is found as

U = Ujvm_ + Ufwg + U;JTH (63)

* * * . . . .
where Uy, Uy, and Uy are the complementary strain energies in the internal crack arm, the external crack arm

and the un-cracked shaft portion, respectively. It should be specified that U;{Q is due to the bending only, since the

external crack arm is not loaded in torsion.
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0.0 0.5 1.0 1.5 2.0 2.5
SB]

S Bj

Figure 10: The strain energy release rate in non-dimensional form plotted against sp, /s By ratio: curve 7 — for the shaft configuration

shown in Fig. 7a (linear-elastic solution), curve 2 — for the shaft configuration shown in Fig. 7a (non-linear solution), curve 3 — for the
shaft configuration shown in Fig. 8a (linear-elastic solution), curve 4 — for the shaft configuration shown in Fig. 8a (non-linear
solution).

Formula (46) is applied to determine U, . For this purpose, U, and ”;L; are replaced with U, and %;MTLi ,
respectively. Formula (48) is used to obtain the complementary strain energy density, ﬂ; w1 > in the 7th layer of the

. . * . . * .
internal crack arm. For this purpose, #,; and & are replaced, respectively, with #,,; and &, where & is expressed
by (54).

U, is obtained by replacing of U, , #, and u, , respectively, with ULQ , #, and ﬂéMQv in (40). u;MQ is
determined by replacing of .. and &, respectively, with ﬂSMQ and ¢ in (48) and taking into account the fact that

the external crack arm is loaded in bending only. Thus, uZMQ is written as

2

* 1 . _ _ _

ﬂOM_Q = d - & —‘f—lln g+‘f_’ + S In S (64)
Lt EE P 2; pi) P P

The complementary strain energy cumulated in the un-cracked shaft portion as a result of bending and torsion is
calculated by (49). For this purpose, U, and #,,, are replaced with Uy, and #,,., , respectively. Formula (48) is
used to obtain the complementary strain energy density, ﬂ;MTH . For this purpose, %;Lb , & and y are replaced,
respectively, with %; wr s €, and ¥y, , where y,, is found by (38).

Finally, U, , U;,Q and U, are added-up and substituted in (44). The result is
ol [ &y - e - e -
G=— Z” oM, dA + Z _[_U. ) dA - ZH ”OMTH,dA (65)
T =, =1 =1

The integration in (65) should be performed by the MatlLab computer program. It should be noted that the strain energy
release rate obtained by (65) is exact match of the strain energy release rate calculated by (62), which is a verification of the
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delamination fracture analysis of the multilayered functionally graded non-linear elastic circular shaft loaded in bending
and torsion.
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Figure 11: The strain energy release rate in non-dimensional form plotted against Pp, Pproperty at three pp / Ppy  ratios for the

shaft configuration shown in Fig. 7a (curve 7 —at pp / pp, =0.5, curve 2 —at pp / pp, =1 and curve 3 —at py / pp, =1.5).

PARAMETRIC INVESTIGATIONS

shaft are performed in order to elucidate the effects of material gradients, cylindrical delamination crack location,
non-linear mechanical behavior of the material and load combinations. For this purpose, calculations of the strain
energy release rate are carried-out by formulae (41) and (62). The results obtained are presented in non-dimension form by

I ) arametric investigations of delamination fracture in the multilayered functionally graded non-linear elastic circular

using the formula G, =G Sp, /R . Two three-layered functionally graded circular shafts loaded in centric tension and
torsion are analyzed in order to elucidate the influence of the cylindrical delamination crack location on the fracture
behavior (Fig. 7).

A cylindrical delamination crack is located between layers 2 and 3 in the shaft configuration shown in Fig. 7a. A shaft with
cylindrical delamination crack located between layers 1 and 2 is also under consideration (Fig. 7b). In both shaft
configurations, the thickness of the layers is # (Fig. 7). It is assumed that T'=50 Nm, F =300 N and #=0.01 m. In
order to elucidate the influence of the load combination on the fracture behavior, two three-layered functionally graded
circular shafts loaded in bending and torsion are also analyzed (Fig. 8). In the shaft shown in Fig. 8a, a cylindrical
delamination crack is located between layers 2 and 3. A cylindrical delamination crack is located between layers 1 and 2 in
the shaft configuration in Fig. 8b. The thickness of each layer is #=0.01 m in both shafts (Fig. 8). The loading is T" =50
Nm and M =40 Nm.

The strain energy release rate in non-dimensional form is presented as a function of s, material property (s, controls

the gradient of s, property in layer 1) in Fig. 9 for the four shaft configurations shown in Fig. 7 and Fig. 8. It is assumed
that s, /JrD3 =03, sp /JrB3 =2, sy /5}33 =18, pp, /st =03, pp, /pD] =02, pp, /A“D3 =04, py /])B3 =17,
PBZ/P33=1~9s PB%/PD% =09, f1)1/fp3 =04, fuz/fugzo~3a fug/v“D% =05, f151/f53=1-7’ fBz/f53:1'63
I, /J53 =11, gp, /gD3 =02, gp /gD3 =0.5, gp, /J‘D3 =04, g4 /gB3 =15, g /gB3 =19 and 2, /x53 =0.8.
Curves in Fig. 9 indicate that the strain energy release rate decreases with increase of s, . This behavior is due to the

decrease of the shaft stiffness. It can also be observed in Fig. 9 that the strain energy release rate increases when the
cylindrical delamination crack position is changed from this shown in Fig. 7a and Fig. 8a to that shown in Fig. 7b and Fig.
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8b. This finding is attributed to the increase of the stiffness of the internal crack arm. Fig. 9 shows also that the loading
combination “bending and torsion” generates higher strain energy release rate in comparison with the loading
combination “centric tension and torsion” for the considered values of F, T and M .
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Figure 12: The strain energy release rate in non-dimensional form plotted against fp, ~ property at three fp / fp, ratios for the

shaft configuration shown in Fig. 7a (curve 7 —at  fp / fp, =0.7, curve 2 —at fp / fp, =1.2 and curve 3 —at fp / fp, =1.7).
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Figure 13: The strain energy release rate in non-dimensional form plotted against gp,  property at three gp / gp,  ratios for the

shaft configuration shown in Fig. 7a (curve 7 —at gp / g, =08, curve 2 —at gp / gp, =1.3 and curve 3 —at gp / gp, =1.8).

The strain energy release rate in non-dimensional form is presented as a function of s B, /s B, ratio in Fig. 10 for the shaft

configurations shown in Fig. 7a and Fig. 8a. One can observe in Fig. 10 that the strain energy release rate increases with
increasing of s /s, ratio (this due to the decrease of the shaft stiffness). Curves in Fig. 10 confirm the finding that

when the shat is loaded in bending and torsion the strain energy release is higher in comparison with the case when the
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shat is loaded in centric tension and totsion for the considered values of F, T and M . In order to evaluate the effect of
the material non-linearity on the delamination fracture, the strain energy release rate obtained assuming linear-elastic

behavior of the three-layered functionally graded shafts is plotted in non-dimensional form against s /s ratio in Fig.

10 for comparison with the strain energy release rate generated by the non-linear solution. It should be mentioned that
that the linear-clastic solution to the strain energy release rate is derived by substituting of p, =0 and g, =0, where

7=1,2,3, in formulae (41) and (62). It can be observed in Fig. 10 that the material non-linearity leads to increase of the
strain energy release rate.
The strain energy release rate in non-dimensional form is presented as a function of pp, material property in Fig. 11 at

three P, / P, ratios for the shaft configuration shown in Fig. 7a. The curves in Fig. 11 indicate that the strain energy
release rate decreases with increase of pp, . It can be observed also that the strain energy release rate increases with
increasing of p, / pp  ratio (Fig. 11).

The influence of f, material property on the delamination fracture behavior is shown in Fig. 12. The shaft
configuration in Fig. 7a is considered. One can observe that the strain energy release rate decreases with increasing of f},

(Fig. 12). The curves in Fig. 12 show that the increase of f; / f;  ratio leads to increase of the strain energy release rate.

12
9 —

G[H

GI] 6
3 —

| | | | |
0.0 03 06 09 12 15
T m

Figure 14: The Gy;/ G, ratio plotted against T/ ' ratio for the shaft configuration shown in Fig. 7a.

The effect of g, material property and g, / g5 ratio on the delamination fracture is illustrated in Fig. 13. The shaft
configuration shown in Fig. 7a is analyzed. Fig. 13 shows that the strain energy release rate decreases when &p, increases.
It can be observed in Fig. 13 that the strain energy release rate increases with increasing of &5, / s, ratio.

The influence of the torsion moment - to - longitudinal force, T/ F, ratio on the mode III component of the strain
energy release rate - to - mode II component of the strain energy release rate, Gy;/ Gy, ratio is shown in Fig. 14. The

shaft configuration in Fig. 7a is considered. One can obsetve in Fig. 14 that G;;/ G, ratio increases with increasing of
T/ F ratio.
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Finally, the effect of the bending moment - to - totsion moment, M/ T, ratio on the strain energy release rate is
llustrated in Fig. 15. The shaft configuration shown in Fig. 8a is analyzed. The curve in Fig. 15 indicates that the total
strain enetgy telease rate increases with increasing of M/ T ratio.

16 +—
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Figure 15: The strain energy telease rate in non-dimensional form plotted against M /T ratio for the shaft configuration shown in
Fig. 8a.

CONCLUSIONS

delamination fracture analysis of multilayered functionally graded circular shaft is developed in terms of the

strain energy release rate. The shaft is made of an arbitrary number of adhesively bonded concentric longitudinal

layers which have different thicknesses and material properties. The material in each layer is functionally graded in
radial direction. Besides, the material exhibits non-linear mechanical behavior in each layer. The continuous variation of
material properties in radial direction is described by hyperbolic laws. A cylindrical delamination crack is located arbitrary
between layers (the internal crack arm is a shaft of circular cross-section; the external crack arm is a shaft of ring-shaped
cross-section).
Two load combinations (centric tension and torsion, and bending and torsion) are investigated. These load combinations
generate mixed mode II/IIT delamination fracture (the centtic tension and bending generate mode II crack loading
conditions, the torsion generates mode III crack loading conditions). The strain energy release rate is derived by analyzing
the balance of the energy. In order to verify the solution obtained, the strain energy release rate is determined also by
differentiating the complementary strain energy with respect to the crack area. Parametric investigations of the
delamination fracture are carried-out in order to evaluate the effects of material gradients, the crack location, the material
non-linearity and the load combinations. It is found that the strain energy release rate increases with increasing of

sy, /S5 s Py / P, > Ju/ Jp, and g/ gy ratios. The increase of s, , pp . fp and g leads to decrease of the

strain energy release rate. Concerning the influence of the delamination crack location on the fracture behavior, it is found
that the strain energy release rate decreases when the diameter of the cross-section of the internal crack arm increases. The
analysis reveals that the non-linear mechanical behavior of the material leads to increase of the strain energy release rate.
The comparison between the strain energy release rates generated by the two loading combinations shows that the strain
energy release rate is higher when the shaft is loaded in bending and torsion for the considered values of the longitudinal
force, bending and torsion moments. The results obtained in the present paper show that the strain energy release rate in
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multilayered functionally graded circular shafts can be controlled by using appropriate material gradients in radial
direction. The present paper is a contribution in delamination fracture mechanics of multilayered functionally graded
circular shafts exhibiting non-linear mechanical behavior of the material under combined loads.
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