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ABSTRACT. In this article the plain elasticity problem for a semi-strip with a 
transverse crack is investigated in different cases of boundary conditions at 
the semi-strip’s end. Unlike many works dedicated to this subject, the fixed 
singularities in the singular integral equation’s kernel are considered. The 
integral transformations’ method is applied by a generalized scheme to reduce 
the initial problem to a one-dimensional problem. The one-dimensional 
problem is formulated as a vector boundary value problem which is solved 
with the help of matrix differential calculations and Green’s matrix apparatus. 
The problem is reduced to solve the system of three singular integral 
equations. Depending on the conditions given on the short edge of the semi-
strip, the obtained singular integral equation can have one or two fixed 
singularities. A special method is applied to solve this equation in regard to 
the singularities existence. Hence, the system of the singular integral equations 
(SSIE) is solved with the help of the generalized method. The stress intensity 
factors (SIF) are investigated for different lengths of crack. The novelty of this 
work is the application of a new approach allowing the consideration of fixed 
singularities in the problem of a transverse crack in the elastic semi-strip. The 
comparison of the accuracy of numerical results during the use of different 
approaches to solve the SSIE is calculated. 
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INTRODUCTION 
 

he proposed problem is a well-known elasticity problem. It is used as a modeling example in the theory of mixed 
elasticity problems to recognise new methods to solve these problems. The solutions of such problems are usually 
reduced to SSIE, containing fixed singularities in a kernel [1]. Pioneering papers by scientists such as H. F. Bueekner, 

G. I. Bierman, F. Tricomi, S. G. Mihlin, M. G. Kreyn, B. Nobl and others, they first proposed different approaches for 
consideration of fixed singularities’. 
Solving equations with fixed singularities in a kernel was made by using many methods. Analytical proof of these methods 
was given, for example, in [2-5]. There, the singular integral equations of the first type (one fixed singularity) 

T 



 

                                                                      V. Reut et alii, Frattura ed Integrità Strutturale, 44 (2018) 82-93; DOI: 10.3221/IGF-ESIS.44.07 
 

83 
 

     
 

   
1 1

21
0 1

00 0

, 0;1 ,0 Re , 0,
k nnn kk

k
kk

k

y y yc xc
c x dy dy f x x I n k k n

i y x i y x

 


 







       
 

    

 
or of the second type (two fixed singularities) 
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were considered. 
The approaches to solve them were proposed in the widely known work [3]. The first equation was considered by many 
authors, e.g. [5-11], whereas the second equation was investigated e.g. in [12, 13]. These methodologies were used by 
employing two main approaches to solve elasticity problems for semi-strips with a crack: both analytical and numerical. 
The analytical approach to solve the SSIE’s with two fixed singularities is often connected with unknown function’s 
expansion in the series of polynomials with corresponding weights. An SIE with two fixed singularities at the endpoints in 
the class of the functions bounded at the ends was analyzed in [4]. For the Chebyshev polynomials of the first kind on the 
right hand-side, solution of the integral equation is expressed in terms of two non-orthogonal polynomials with associated 
weights. Based on this new generalized spectral relation for the singular operator with two fixed singularities, an approximate 
solution to the complete singular integral equation is derived by recasting it as an infinite system of linear algebraic equations 
of the second kind. 
Some problems were solved with the apparatus of the Riemann-Hilbert problem. It is worth pointing out the following 
papers. In [14] the problem of semi-infinite crack between two bonded dissimilar strips with the same density was 
considered. The boundary problem was reduced to the Riemann-Hilbert problem. The study of the algebra generated by 
the Cauchy singular integral operator and integral operators with fixed singularities on the unit interval was given in [15]. In 
[16] a polynomial collocation method was considered for the numerical solution of the Cauchy singular integral equations 
with fixed singularities over the interval, where the fixed singularities are supposed to be of Mellin convolution type. 
The following papers were dedicated to the numerical solving of problems with similar equations, [17] In [18] the solution 
of a dynamic problem of an elastic strip, coupled to an elastic half-space, is reduced to a singular integral equation that is 
solved with the help of special quadrature formulae for singular integrals. An approach to investigate the optimal quadrature 
formulae for singular integrals with fixed singularity was obtained in [19]. In [20], the quadrature formulae of the highest 
algebraic accuracy were obtained for SSIE. The efficiency of their application in solving the singular integral equations with 
the generalized Cauchy kernel was showed. In [21] the new versions of subdomain and spline methods were proposed. 
Collocation methods were proposed in [22]. 
The problem of stress concentration near the crack’s tips is an actual problem. Interface cracks in bodies under harmonic 
load was investigated in [23]. Microstructure influence on the damage micromechanisms in overloaded fatigue cracks was 
studied in [24]. Crack-tip field in circumferentially-cracked round bar (CCRB) in tension affected by loss of axial symmetry 
was explored in [25]. In [26] the overview of recent advanced methods for rapid calculation of notch stress intensity factors 
under mixed mode loadings was presented. The analytical approach for plane elastic and thermoelastic problems for 
inhomogeneous, orthotropic planes, half-planes and strips was presented in [27]. 
To solve mixed problems, many authors mostly introduce some auxiliary functions, for example, harmonic and byharmonic 
ones, through which unknown displacements are represented. Reconstruction of the initial characteristics in this case is 
often a non-trivial mathematic problem. In this work, the new methods based on direct application of integral 
transformations to the equilibrium equations is solved, so no additional transformations are needed. Thus it was possible to 
find directly the real mechanical characteristics without using any auxiliary functions. This approach was shown first in [28] 
to solve the problem of the semi-strip without the existence of a crack.  
 
 

STATEMENT OF THE PROBLEM 
 

he elastic (G  is a share module,   is a Poison’s coefficient) semi-strip, 0 ,0x a y      is considered for two 
cases with regard to the boundary conditions on the short edge 0 , 0x a y   . At the lateral semi-infinite sides 

0, 0x y     and , 0x a y     the boundary conditions are given T 
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here  ( , ) ,xu x y u x y ,  ( , ) ,yv x y u x y  are the displacements that satisfy the Lame’s equilibrium equations 
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where 3 4    is the Muskchelishvili’s constant. Two cases of the boundary conditions on the short edge are considered. 

In the first case (Fig. 1) the semi-strip is loaded at the edge 10, 0y x a     
 

  1( ,0) , ( , 0) 0, 0y xyx p x x x a           (3) 

 
and conditions of the slide contact are executed at the segment 10,y a x a    
 

1( , 0) 0, ( ,0) 0,xyv x x a x a           (4) 

 

Figure 1: First case: geometry and coordinate system of the 
problem. 

Figure 2: Second case: geometry and coordinate system of the 
problem. 

 
In the second case (Fig. 2) the semi-strip is loaded at the edge 0, 0y x a     
 

 ( ,0) , ( ,0) 0, 0y xyx p x x x a           (5) 
 

At the segment 0 1,c x c y B     the crack is situated 
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One needs to solve the corresponding boundary value problems to estimate the stress state of the semi-strip and the 
concentration of the stresses at the crack’s tips. 
 
 
GENERAL SOLVING SCHEME FOR THE SEMI-STRIP STRESS STATE ESTIMATION 
 

ccording to the approach [29], the Fourier’s transformation was applied to the system of Lame’s equilibrium Eqs. 
(2) and to the boundary conditions (1), (3)-(4), (1), (5) by the generalized scheme [30]. The initial problem was 
reduced to a vector boundary problem [31] 
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The solution of the vector boundary problem was obtained in the form [27, 28] 
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where    1 2,Y x Y x  are the system of fundamental matrix solutions, , 1,4ic i   are known constants,  ,G x   is the 

Green’s matrix function [29]. 
The expression (10) can be rewritten in scalar form 
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here    , ,ij ijx G x d     , and upper limit of the integrals 1a   in the first case and a   in the second case. 

The inverse transformations were applied to the formulae (11)-(12), and the substitution of the displacement functions in 
the boundary conditions        , 0 , , 0 0, , 0 0y xy yx p x x B x B        reduce to the system of the singular integral 

equations. 
 
 

SOLVING OF THE SIE SYSTEM FOR THE TWO CASES  
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integrals with the limits 0c  and 1c  were done to pass the integration interval  1 1;1I   . Similar changes were done 

in the other equations.  
We first consider in details the second case.  SSIE is written in the form 
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In this article the misprint in [28] for the coefficients , 1, 2,3ih i   is corrected. 
The first singular integral equation in the system (13) is the partial case of the equation with two fixed singularities for the 
second case. For this equation the transcendental equation was built, that is congruent to the transcendental equation 
obtained for the quarter plane or, the same, for the problem of an infinity wedge when the angle of openness is pi/2 [32]. 
The problem for the quarter plane is solved in Appendix A. The roots k  of the corresponding transcendental equation 
for (13) were found numerically. 
The generalized method developed in [28] was applied to solve the SSIE (13). According to it the function     is searched 

in the form  
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


, 0

ks   

 
are the unknown coefficients. 
It is supposed that the crack is located inside the semi-strip far from the lateral sides. So the unknown functions 

   1 2,      are considered as  
 

     
2 1

2

0

1 , 1;1 , 1, 2
N

i
i k k

k

s U i    



           (15) 

 

where  kU   are Chebyshev polynomials of the second kind. 

The expressions (14)-(15) are substituted in the SSIE (13). The resulting system is solved with the help of the collocation 

method. The substitution of the founded constants , 0,1, 2, 0, 2 1i
ks i k N    in the formulae (14)-(15) and (11)-(12) 
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enables to find the searched field of stresses and displacements. It completes the construction of the problem’s solution in 
the second case. 
In the first case, the first equation in (13) has only one fixed singularity. Similarly to the previous case the unknown function 
    is searched in the form [28]. 

 

       
1

0 0

0

, 1;1
1

N
k

k k k N
k

T
s s


    









 
    

 
       (16) 

 

where  kT   are Chebyshev polynomials of the first kind. 

The formulae (15)-(16) are substituted in the SSIE (13) and the collocation method was applied to the solve the resulting 
system. In the first case, the construction of the problem’s solution was completed by the substitution of the obtained 

constants , 0,1, 2, 0, 2 1i
ks i k N    into the expressions (14)-(15) and (11)-(12). 

 
 
NUMERICAL RESULTS AND DISCUSSION 
 

he calculation for SIF was done by the formulae [30], [33] 
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The calculations of SIF were done for the elastic semi-strip ( 961.2781955 10G    Pa, 0.33  ) with the parameters 

  1p x   Pa, 10a   m, 1, 90%B a a a  . Here ,I IK K   are SIF of normal stresses at the left and right crack’s tips 

correspondingly. Similarly, ,II IIK K   are SIF of the tangential stresses at the left and right crack’s tips. 
 

  
Figure 3: Second case: the changing of SIF ,I IIK K  when the crack’s size is increasing. 

 

Fig. 3 presents the dynamics of SIF’s changes IK  and IIK  respectively in dependence of the distances between the crack 
tips and the lateral sides of the semi-strip in the second case. The SIF values are decreasing whereas the distances between 
the lateral sides and the crack tips are increasing. Stable results were obtained when the distances between the crack’s tips 

T 
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and the lateral sides are more or equal to 5%a . When these distances are less than 5%a  the fixed singularities at the crack’s 
tips should be taken into consideration. The values of SIF IK  are bigger than the corresponding values of SIF IIK . 

The dynamics of the SIF’s changes IK  and IIK  respectively is shown in Fig. 4 as a function of the distances between the 
crack tips and the lateral sides of the semi-strip in the first case. When the distance between the left lateral side and the left 
crack’s tip is less than 5%a , the fixed singularity at the left crack’s tip should be considered. The fixed singularity at the 
right crack’s tip should be taken into account when the distance between the right lateral side and the right crack’s tip is less 
than 11%a . In this case, the SIF IK  and IIK  values have the same order, but the values of SIF IIK  are bigger than the 

values of SIF IK . 
 

  
Figure 4: First case: The changing SIF ,I IIK K  when the crack’s size is increasing. 

 
 
CONCLUSIONS 
 

. The proposed method enhances the solution of the problem in two different cases of external load when the 
transverse crack is located inside the semi-strip. 
2. The minimal distances between the crack’s tips and the lateral sides of the semi-strip are established. The 

consideration of the fixed singularities at the semi-strip’s short edge allows bringing the crack to the lateral sides more than 
6% closer in comparison with the case when the fixed singularities were not considered. To obtain stable results when the 
crack is closer to the lateral sides one has to take into account the fixed singularities at the crack’s tips. 
3. The approach described the solution of the problem that can be also applied in the case of a dynamic statement of the 
problem. 
 
 

APPENDIX A. SOLVING THE MIXED PROBLEM OF ELASTICITY FOR A QUARTER PLANE 
 

onsider the problem for a quarter plane (Fig. 5) , 0x y   when one boundary side 0,0x y     is fixed and the 

another 0,0y x     is under the mechanical load     , 0 ,

0,

p x x a
r x

x a

 
 


. 

The initial problem was reduced to a one-dimensional problem with the help of the semi-infinite sin-, cos- Fourier 
transformation (9). The boundary problem in transformation domain was rewritten in the vector form 
 

   
 

2

0 0

L y x g x

y









 

            (17) 

1 
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Figure 5: Geometry and coordinate system of the quarter plane. 

 
here  
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The new unknown function is input    
0

,
y

x v x y


 . 

The solution of (17) was constructed in the following form 
 

     1

2 0

, ( )
c

y x Y x G x g d
c   

 
  

 


 


        (18) 
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was constructed with the help of the matrix differential calculation, , 1, 2ic i   are known constants,  ,G x   is the Green’s 

matrix function which was constructed by the use of the matrix semi-infinite Fourier transformation. The components of 
the Green’s matrix function have the following form 
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After inverting the expression (18), and the summation of the weak-convergent integrals, the formulae for the displacements 
in the quarter plane have the following form 
 

   
 

       
 

 
 

 
  

  
  
 

2 2
2 22 2

2 22 2
0

2 2

2 2 22 2

2 1 1
, ' ln ln

4 1 1

2 1

1

x x
u x y x y x y

x y x y

x y xx
d

x yx y

    
    

   


  

                           
     

        
 


 

 

     
 

 
 

 

 
 

  
 

   
   

2 22 2
0

2 2 22 22 2

2 1 1
, '

2 2 2

4 1 22
2

1

y x y x y y
v x y arctg sign x arctg

x xx y x y

xy x xyy y
arctg d x sign y

x x y x yx y

 
  

    

     
    

        
                       

 
    

                
 


 

 
These expressions will describe the displacements in the quarter plane if the function  '   is found. To get it, the formulae 

for the displacements were put in the boundary condition  ( ,0) , 0y x p x x a    . After changing the variables, the 

singular integral equation was derived 
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The transcendental equation for (19) is equal to the transcendental equation for the first singular integral equation in (13), 
and has the following form 
 

 
2 22 4 8 12 3

cos 0
3 4 3 4 3 4
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  

 
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       (20) 

 
The Eq. (20) is equal to the transcendental equation in [32]. 
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