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ABSTRACT. This paper studies multiaxial low cycle fatigue crack mode and failure life of Ti-6Al-4V. Stress 
controlled fatigue tests were carried out using a hollow cylinder specimen under multiaxial loadings of λ=0, 0.4, 
0.5 and 1 of which stress ratio R=0 at room temperature. λ is a principal stress ratio and is defined as λ=II/I, 
where I and II are principal stresses of which absolute values take the largest and middle ones, respectively. 
Here, the test at λ=0 is a uniaxial loading test and that at λ=1 an equi-biaxial loading test. A testing machine 
employed is a newly developed multiaxial fatigue testing machine which can apply push-pull and reversed 
torsion loadings with inner pressure onto the hollow cylinder specimen. Based on the obtained results, this 
study discusses evaluation of the biaxial low cycle fatigue life and crack mode. Failure life is reduced with 
increasing λ induced by cyclic ratcheting. The crack mode is affected by the surface condition of cut-machining 
and the failure life depends on the crack mode in the multiaxial loading largely. 
 
KEYWORDS.  Ti-6Al-4V; Low cycle fatigue; Multiaxial loading; Crack mode; Hollow cylinder specimen; Inner 
pressure 
 

 
 
INTRODUCTION  
 

i-6Al-4V is frequently used as a material in rotating aero engines because it has the properties of high strength, 
light weight, and excellent corrosion resistance. A rotating aero engine receives cyclic loading under thermal and 
mechanical stresses which cause multiaxial low cycle fatigue. Under non-proportional loading in which the T 
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principal directions of stress and strain are changed cyclically, previous studies have reported a drastic reduction in the 
failure life with accompanying additional cyclic hardening [1-16] depending on both the loading path and the material [6, 8, 
10, 13, 16]. In addition, some studies about the fatigue property of Ti alloys have been reported [17, 18]. Meanwhile, only 
a paper by the authors [19] has dealt with multiaxial low cycle fatigue crack behavior of Ti-6Al-4V. 
To evaluate fatigue lives under multiaxial loading conditions, multiaxial fatigue models which relate fatigue lives to uniaxial 
fatigue properties have been established. Equivalent strains and stresses based on the theories of von Mises and Tresca, 
which are considered the most commonly used theory, but lead to significant overestimation of fatigue lives under non-
proportional loadings from those under proportional loading. Therefore, other life evaluation models have been proposed 
such as critical plane approaches; i) Stress based critical plane approaches presented by Findley [20] and McDiarmid [21], 
ii) Strain based critical plane approach by Brown and Miller [22] and Wang and Brown [23], iii) Strain-stress based critical 
plane approaches by Fatemi and Socie [7, 15] and Smith, Watson and Topper [24]. Most of these models are success on 
life evaluation under non-proportional loadings, however, some of them have some limitation on application. Itoh et al. [8, 
10, 13, 16] proposed a strain parameter taking into account the loading path and material dependencies of life, which 
shows good correlations with lives under non-proportional loadings for different materials [16]. The studies mentioned 
above treat the fatigue properties under limited multiaxial loadings of which the principal stress ratio λ range is –1≤λ 
(=σII/σI)≤0, where σI is the principal stress whose absolute value is the maximum and σII one of which absolute value the 
middle. The reason why the performable principal stress ratio range was limited to 1≤λ≤0 mainly due to the testing 
method to apply the axial and twist loads to hollow cylinder specimens. However, to carry out the multiaxial fatigue test 
beyond the principal stress ratio range, special multiaxial fatigue testing stands must be required. The authors developed a 
new testing machine which can apply push-pull and reversed torsion loadings and additionally inner pressure onto the 
hollow cylinder specimen to perform the test in 1λ1 under proportional and non-proportional loadings. 
In this study, biaxial fatigue tests of the stress ratio range 0≤λ≤1 were carried out using the hollow cylinder specimen of 
Ti-6Al-4V by the developed multiaxial fatigue testing machine and properties of failure life and crack mode are discussed. 
 
 
MULTIAXIAL LOADING AND TESTING MACHINE 
 
Definition of stress and strain multiaxiality 

ultiaxial stress and strain states can be expressed by using parameters, κ and φ which are the stress and the 
strain ratios, as equated in Eq. (1) and Eq. (2), 
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where  and  are axial and shear stresses and  and  are axial and shear strains in plane stress state. 
Besides the method above, this paper also employs principal stress ratio, λ, and the principal strain ratio, , to define 
multiaxial stress and strain states, which are equated in Eq. (3) and Eq. (4), 
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where I and II are put as principal stresses, 1, 2 or 3 (123) of which absolute values takes the largest and 
middle ones, e.g., if 1=100MP, 2=50MP and 3=200MP, I=200MPa and II=100MPa since |3||1||2|. On 
the other hand, I and II are principal strains of which principal direction corresponding to those of I and II, 
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respectively. In proportional fatigue test, λ and  have constant values in a cycle. For tension-compression tests using the 
hollow cylinder specimen, relationships among σ1, σ3, σ, τ and ε1, ε3, ε, γ are shown in Eq. (5) and Eq. (6). 
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In Eq. (6), ν is the Poisson’s ratio. Usually, the value of Poisson’s ratio is around 0.3 in elastic regime but it is 0.5 in a fully 
plastic regime. 
 
Uniaxial and multiaxial stress and strain states 
A stress state is defined as multiaxial state if the multiple principal stresses operate and a strain state as multiaxial state 
when the multiple principal strains do. Using these definitions, the multiaxial stress state does not always correspond to 
the multiaxial strain state. For example, Fig. 1, an uniaxial tension loading is the uniaxial stress state because only one 
principal stress operates in tensile direction but this case becomes the multiaxial strain state because the two additional 
principal strains are caused by the lateral contraction as well as the tensile direction. These definitions of multiaxiality are 
most consistent for describing the multiaxial stress and strain states compared to using the other stress and strain 
components, whereas stress multiaxiality does not always correspond to strain multiaxiality. 
Non-proportional loading is defined as the loading where the directions of the principal stresses or strains rotate, and 
proportional loading when they are fixed. 
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Figure 1: Principal stress and principal strain in tension loading. 
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Figure 2: Applied stresses/strains and stress/strain multiaxiality in proportional loading. (a) Stress state, (b) Strain state. 
 

Proportional loading 
Figs. 2 (a) and (b) summarize the applied stresses/strains and the stress/strain multiaxiality in various proportional 
multiaxial testing methods under the plane stress condition. In the tension-compression test, a uniaxial stress () is applied 
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to the specimen in Fig. 2 (a) and a uniaxial strain () is applied to the specimen but the multiple principal strains arise in 
the specimen thickness direction in Fig. 2 (b). The lateral strain is  is applied to the specimen. In the reversed torsion 
test, the applied stress/strain is only the shear stress/stress (/) but the two principal stresses/strains with the opposite 
sign are caused in this case. So, the reversed torsion test also becomes a multiaxial test. The combined tension-torsion and 
the biaxial tension-compression loadings also enable the fatigue test in multiaxial strain states. The former test only covers 
the stress/strain biaxiality for 10/1 but the latter test does 1, 1. 
 
Non-proportional loading 
Fig. 3 shows the tension-compression and reversed torsion testing and the biaxial tension-compression testing with phase 
shift in applied strains. In the tension-torsion test with the phase shift, the direction of the principal strains rotates with 
time and this loading is non-proportional loading. The phase shift in applied strain in the biaxial tension-compression test 
causes no rotation of the principal strains but it causes the switch of the principal strain directions. The authors consider 
that this loading should be classified to a proportional loading because no large additional hardening and little reduction of 
fatigue life was confirmed in this type of test using type 304 steel cruciform specimens at 823 K [12]. However, another 
research [25] stated that this loading should be a type of non-proportional tests showing a fair reduction of fatigue lives in 
experiments. More detailed experimental studies and evidences are needed to have a definite conclusion on the 
classification of this type of loading. 
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Figure 3: Definition of  non-proportional loading. Figure 4: Type of specimens. 
 
Types of multiaxial fatigue tests 
Fig. 4 shows four types of common used multiaxial fatigue testing methods classified by types of loading and specimen. 
Type IA is the tension-compression and reversed torsion test using the hollow cylinder specimen, which is most widely 
used testing. Type IB is similar to Type IA from the point of using the hollow cylinder specimen but Type IB is applied 
with the internal and external pressures in addition to the tension-compression and reversed torsion loadings. Type II is 
the biaxial tension-compression testing using the cruciform specimen. Type III is the tri-axial tension-compression testing 
using a cubic specimen. 
Principal stain and stress ratio ranges which can be performed in each type of test are summarized here. Type IA have 
been used widely multiaxial fatigue studies，but the principal stress/strain ratio range performable by this testing is 
1<λ0/1<ν. Types IB and II can perform the multiaxial fatigue test under full ranged principal stress/strain ratio 
range of 1<λ, 1. Type III also does the test under the same multiaxial strain state and tri-axial tension-compression 
loading, too. However, Types II and III have no change in principal directions of stress and strain since the directions 
always fixed into the direction of applied loading. Only type IB can perform the multiaxial fatigue test in the full ranged 
principal stress/strain ratio range with non-proportional loading. 
 
Multiaxial fatigue testing machine for tension-torsion and inner pressure 
Fig. 5 (a) shows a schematic view of the testing machine used in this study of which type is corresponds to Type IB. To 
generate the inner pressure with tension and torsion loadings, additional hydraulic actuators is installed into the common 
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used push-pull and reversed torsion testing machine. For measurements of axial, torsional and hoop strains, inductive 
displacement sensor type extensometers are mounted directly onto the specimen. To measure and evaluate axial, torsional 
and hoop stresses, load cells for axial load and torque and pressure gauge are installed. The maximum loads are 50kN for 
push-pull and 250Nm for torsion and the maximum inner pressures is 200MPa. By applying these loads, this testing 
machine can perform the multiaxial fatigue tests under the principal stress ratio range of 1λ1. 
Test control system of this testing machine becomes more complicated than those in common used testing machines 
since three hydraulic actuators must be controlled simultaneously and independently by employing a test controller 
program and a system as shown in Fig. 5 (b). In order to raise the precision of control, three types of feedback (FB) loop 
are applied in this testing machine. First one is from load cell to servo amplifier for axial and torsional control, which 
operates on load-controlled mode. Second one is from strain gauge to servo amplifier for axial and torsional control, 
which operates on displacement-controlled mode. The load or the displacement control can be changed by FB selection 
switch. The last one is from pressure gauge to servo amplifier to control the inner pressure as test control programed. 
The specimen employed is the hollow cylinder specimens designed for this testing machine of which shapes and 
dimensions will be shown later. 
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Figure 5: Multiaxial testing machine for push-pull, reversed torsion and inner pressure. (a) Schematic showing of multiaxial testing 
machine, (b) Over view of control system. 
 
 
TEST MATERIAL AND EXPERIMENTAL PROCEDURE  
 

he material tested was Ti-6Al-4V, which was subject to solution treatment at 960°C for 1 hour followed by water 
cooling, annealing at 705°C for 2 hours and air cooling. Fig. 6 shows the micro structure, which consists of alpha 
phases (hexagonal close-packed crystal structure) and the dual alpha- and beta-phase mixture (body-centered cubic 

crystal structure). 
 

 
 

Figure 6: Microstructure of Ti-6Al-4V alloy. 
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Fig. 7 shows the shape and dimensions of hollow cylinder specimen employed which has a 12 mm inner diameter, a 14 
mm outer diameter, and an 8.5 mm parallel at gauge part. In the figure, a coordinate employed are indicated with principal 
stresses. σ1 is the maximum principal stress, σ2 is the middle principal stress. In this test, σ1 and σ2 are equivalent to axial 
stress σz and hoop stress σθ equated by the following equations, 
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where F and P are axial load and inner pressure, respectively. Di and Do are inner and outer diameters at gauge part of the 
specimen. 
 

Figure 7: Shape and dimensions of test specimens (mm) with coordinate. 
 
Stress controlled low cycle fatigue tests with proportional zero-peak loading were conducted under 4 types of stress paths 
shown in Fig. 8. In the figure, each stress path takes the principal stress ratio, λ=0, 0.4, 0.5 and 1.0. The dashed line shows 
a constant Mises’ equivalent stress at 800 MPa. In the test at =0.4, peak stress was set at 858 MPa. The other ’s test at 
800 MPa. 
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Figure 8: Principal stress path. 

 
Fig. 9 shows strain waveforms of axial load (F), inner pressure (P) and axial stress (z), hoop stress (). Test frequencies 
in the uniaxial fatigue test (λ=0) and the biaxial fatigue tests (λ=0.4, 0.5, 1.0) are 0.4 Hz and 0.2 Hz, respectively. Number 
of cycles to failure (failure life), Nf, was determined as the cycle at which the maximum inner pressure was reduced due to 
leak of oil by initiation of through crack or rupture of the specimen. 
Tab. 1 summarizes test conditions conducted. In the table, z max and  max are maximum values of z and  obtained at 
the peak load, respectively. eq max a maximum value of Mises’ equivalent stress (eq) equated by 
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The inner and outer surfaces at the gauge part of the specimen were ground to an averaged surface roughness 1.6m by 
honing machine. After the honing, some specimen were also received polishing and buffing to 10m Al2O3 denoted by 
‘Polish’ in Tab. 1. 
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Figure 9: Wave forms of axial load, inner pressure, axial and hoop stresses. 
 
 

Stress path Maximum stress  (MPa) Polish/ 
Non-polish Uniaxial/Biaxial λ Axial stress  σz max Hoop stress  σ max Mises stress  σeq max 

Uniaxial 
Fatigue 

 0 800 ― 800 
Non-polish 

Polish 

Biaxial 
Fatigue 

 0.4 985 400 858 
Non-polish 

Polish 
0.5 924 462 800 Polish 
1.0 800 800 800 Polish 

Table 1: List of fatigue test condition. 
 
 
EXPERIMENTAL RESULTS AND DISCUSSION 
 
Failure life 

ig. 10 shows a comparison of failure lives. In this figure, failure lives are normalized by the mean value of failure 
life in the uniaxial fatigue tests (λ=0 tests) tested using polished and non-polished specimens. In comparing the 
failure lives tested using the polished specimen, failure lives (Nf) tend to decrease with increase of the principal 

stress ratio (λ) although Nf at λ=0.4 is slightly shorter than Nf at λ=0.5. The shorter life in the λ=0.4 test may come from 
that the maximum Mises’ equivalent stress in the test is slightly larger than those in the other λ’s tests as shown in Tab. 1. 
The specimen polishing effect can be seen in the λ=0 and λ=0.4 tests. In the λ=0 test, Nf with non-polished specimen 
have longer life by about 20 % than that with polished specimen. In the λ=0.4 test, conversely, Nf with non-polished 
specimen is shorter than that with the polished specimen and the reduction ratio is down to approximately 50 % 
depending on each specimen. 
The effects of λ and polishing on the failure life will be discussed in following sections. 
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Figure 10: Comparison of failure lives at each principal stress ratio’s test. 

 
Dependence of defamation behavior on multiaxiality 
Fig. 11 shows variation of mean axial strain (z mean) as a function of cycle (N). In the figure, the vertical axis is normalized 
by mean axial strain at 10 cycles (z mean10) and the horizontal normalized by (N/Nf). In all the tests, mean strains increase 
gradually with increase of cycles, i.e., cyclic ratcheting occurs because the stress amplitude employed was relative high 
comparing with the yield stress 113 GPa. The degree of the ratcheting becomes larger with increasing  and the larger 
ratcheting may leads to the reduction in failure life. 
In structural components using Ti-6Al-4V, on the other hand, the stress level under service loadings is usually much lower 
than that employed in this study. In this case, no or small ratcheting will occur resulting in smaller effect of  on failure 
life. However, the property of failure life under multiaxial loading at lower stress levels is still open question and additional 
experimental tests at the stress revel are required to confirm them. 

Figure 11: Variation of mean axial strains at each principal stress ratio’s test. 
 
Surface crack and effects polishing on failure life 
Fig. 12 shows cracks observed on specimen surface fatigued at each ’s test. In the figure, the upper side shows surface 
cracks observed by optical microscope and the lower side schematic showings of the main crack. 
Using the polished specimen, the crack in the λ=0 test shows a zigzag shape crack. Each zigzag crack is approximately 100 
m in length and has propagation directions of 45 degrees from the specimen axial direction and then the macro-crack 
formed by linking of each zigzag crack propagated normal to the axial direction. In the tests at λ=0.4 and 0.5, observed 
cracks are similar to that at λ=0 although length of each zigzag crack is slightly smaller. In the λ=1.0 test, a main crack is 
observed in the direction of specimen axis and small cracks are also observed around the main crack in various direction. 
Using the non-polished specimen, on the other hand, the crack at λ=0 test is slightly different from that at λ=0 test with 
the polished specimen. The crack shows the zigzag one but it may be formed by linking cracks propagating along cutting 
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scratches yielded in machining. In the λ=0.4 test with the non-polishing specimen, a straight crack is observed propagating 
along the cutting scratch. 
Fig. 13 shows Mohr’s stress circles and principal shear stress planes with normal and shear stresses on their planes in each 
λ state. At λ=0, the equivalent maximum shear stresses planes exists on planes normal and 45 degree incline to free 
surfaces. These two planes intersect with the surface plane in directions of 45 degree and normal to the specimen axis, 
respectively. So there are two possibilities of crack propagation which may results in the different crack mode between 
polish and non-polish specimens. In the λ=0.4 test, the maximum shear stress plane is 45 degree incline to the free surface 
on which normal and shear stresses are 493 MPa. The second principal shear stress plane is normal to the free surface of 
which normal and shear stresses are 693MPa and 293MPa, respectively. On this plane, the shear stress is much smaller but 
the normal stress is larger than those on the maximum shear stress plane. Comparing the equivalent Mises’ stresses on 
these planes, the values have a small difference, 985MPa on the maximum shear stress plane and 858MPa on the second 
principal shear stress plane, which may suggests that which plane cracks propagate is undecidable depending on specimen 
surface condition. 
The crack mode may be affected by the specimen surface condition in uniaxial and biaxial fatigue tests and the difference 
in the crack mode has a possibility affecting on failure lives largely in the biaxial fatigue tests. However, more detail crack 
observation and discussion will be required about the crack modes in biaxial stress condition. 
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Figure 12: Main crack shape on the surface of specimen. 
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Figure 13: Mohr’s stress circle and maximum shear plane in principal stress ratio. 
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CONCLUSIONS 
 
1. Multiaxial failure lives of Ti-6Al-4V depend on multiaxiality and decrease with increase of principal stress ratio, λ. 

The reduction is caused by cyclic ratcheting. 
2. Crack mode at each λ’s test depends on specimen surface condition of machining. In biaxial loading test, failure life is 

affected by the crack mode. 
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